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Abstract. We prove that a singular-hyperbolic attractor of a 3-dimensional flow is chaotic, in 
two strong different senses. Firstly, the flow is expansive: if two points remain close for all times, 
possibly with time reparametrization, then their orbits coincide. Secondly, there exists a physical 
(or Sinai-Ruelle-Bowen) measure supported on the attractor whose ergodic basin covers a full 
Lebesgue (volume) measure subset of the topological basin of attraction. Moreover this measure 
has absolutely continuous conditional measures along the center-unstable direction, is a M-Gibbs 
state and an equilibrium state for the logarithm of the Jacobian of the time one map of the flow 
along the strong-unstable direction. 

This extends to the class of singular-hyperbolic attractors the main elements of the ergodic 
theory of uniformly hyperbolic (or Axiom A) attractors for flows. 

In particular these results can be applied (i) to the flow defined by the Lorenz equations, (ii) to 
the geometric Lorenz flows, (iii) to the attractors appearing in the unfolding of certain resonant 
double homoclinic loops, (iv) in the unfolding of certain singular cycles and (v) in some geomet- 
rical models which are singular-hyperbolic but of a different topological type from the geometric 
Lorenz models. In all these cases the results show that these attractors are expansive and have 
physical measures which are M-Gibbs states. 



1. Introduction 

The theory of uniformly hyperbolic dynamics was initiated in the 1960's by Smale [|44| and, 
through the work of his students and collaborators, as well as mathematicians in the Russian 
school, immediately led to extraordinary development of the whole field of Dynamical Systems. 
However, despite its great successes, this theory left out important classes of dynamical systems, 
which do not conform with the basic assumptions of uniform hyperbolicity. The most influential 
examples of such systems are, arguably, the Henon map [17], for the discrete time case, and the 
Lorenz flow ^261, for the continuous time case. 

The Lorenz equations highlighted, in a striking way, the fact that for continuous time sys- 
tems, robust dynamics may occur outside the realm of uniform hyperbolicity and, indeed, in 
the presence of equilibria that are accumulated by recurrent periodic orbits. This prompted the 
quest for an extension of the notion of uniform hyperbolicity encompassing all continuous time 
systems with robust dynamical behavior. A fundamental step was carried out by Morales, Paci- 
fico, Pujals [l3n [37l . who proved that a robust invariant attractor of a 3-dimensional flow that 
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contains some equilibrium must be singular hyperbolic, that is, it must admit an invariant split- 
ting (BE'-'" of the tangent bundle into a 1 -dimensional uniformly contracting sub-bundle and a 
2-dimensional volume-expanding sub-bundle. 

In fact, Morales, Pacifico, Pujals proved that any robust invariant set of a 3-dimensional flow 
containing some equilibrium is a singular hyperbolic attractor or repeller. In the absence of equi- 
libria, robustness implies uniform hyperbolicity. The first examples of singular hyperbolic sets 
included the Lorenz attractor [|26ll45l and its geometric models lT5l[Tl [T6ll49ll . and the singular- 
horseshoe [24J, besides the uniformly hyperbolic sets themselves. Many other examples have 
been found recently, including attractors arising from certain resonant double homoclinic loops 
||38l or from certain singular cycles [33|, and certain models across the boundary of uniform 
hyperbolicity ||32| . 

The next natural step is to try and understand what are the dynamical consequences of singular 
hyperbolicity. Indeed, it is now classical that uniform hyperbolicity has very precise implications 
on the dynamics (symbolic dynamics, entropy), the geometry (invariant foliations, fractal dimen- 
sions), the statistics (physical measures, equilibrium states) of the invariant set. It is important to 
know to what extent this remains valid in the singular hyperbolic domain. There is substantial 
advance in this direction at the topological level [36iLlTl|30l|35l[37l[34ll3, but the ergodic theory 
of singular hyperbolic systems remains mostly open (for a recent advance in the particular case 
of the Lorenz attractor see [|27l ). The present paper is a contribution to such a theory. 

Firstly, we prove that the flow on a singular hyperbolic set is expansive. Roughly speaking, 
this means that any two orbits that remain close at all times must actually coincide. However, 
the precise formulation of this property is far from obvious in this setting of continuous time 
systems is far from obvious. The definition we use here was introduced by Komuro [23]: other, 
more naive versions, turn out to be inadequate in this context. 

Another main result, extending [[T3il . is that typical orbits in the basin of the attractor have 
well-defined statistical behavior: for Lebesgue almost every point the forward Birkhoff time 
average converges, and is given by a certain physical probability measure. We also show that this 
measure admits absolutely continuous conditional measures along the center-unstable directions 
on the attractor. As a consequence, it is a w-Gibbs stateand an equilibrium state for the flow. 

The main technical tool for the proof of these results is a construction of convenient cross- 
sections and invariant contracting foliations for a corresponding Poincare map, reminiscent of 
||9l , that allow us to reduce the flow dynamics to certain 1 -dimensional expanding transforma- 
tions. This construction will, no doubt, be useful in further analysis of the dynamics of singular 
hyperbolic flows. 

Let us give the precise statements of these results. 

1.1. Singular-hyperbolicity. Throughout, M is a compact boundaryless 3-dimensional mani- 
fold and X^{M) is the set of vector fields on M, endowed with the topology. From now 
on we fix some smooth Riemannian structure on M and an induced normalized volume form 
m that we call Lebesgue measure. We write also dist for the induced distance on M. Given 
X G x\M), we denote by X/, ? G M the flow induced by X, and if x e M and [a,b] C M then 
X[a,b]ix) = {Xt{x),a<t <b}. 
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Let A be a compact invariant set of X G X (M). We say that A is isolated if there exists an 
open set i7 DA such that 

A=n^r(c/) 

If U above can be chosen such that Xt{U) cU for f > 0, we say that A is an attracting set. The 
topological basin of an attracting set A is the set 

W'(A) = {xeM: lim dist (Xt(x),A) = 0}. 

We say that an attracting set A is transitive if it coincides with the (0- limit set of a regular Z-orbit. 

Definition 1.1. An attractor is a transitive attracting set, and a repeller is an attractor for the 
reversed vector field —X. 

An attractor, or repeller, is proper if it is not the whole manifold. An invariant set of X is 
non-trivial if it is neither a periodic orbit nor a singularity. 

Definition 1.2. Let A be a compact invariant set of X G X'\M) , c > 0, and < X < 1. We 
say that A has a (c,?i) -dominated splitting if the bundle over A can be written as a continuous 
DXf-invariant sum of sub-bundles 

such that for every t > and every jc G A, we have 

(1) <cX^ 

The domination condition ([T]) implies that the direction of the flow is contained in one of the 
sub-bundles. 

We stress that we only deal with flows in dimension 3. In all that follows, the first sub-bundle 
E^ will be one-dimensional, and the flow direction will be contained in the second sub-bundle 
E^, that we call central direction and denote by fi™. 

We say that a X-invariant subset A of M is partially hyperbolic if it has a (c,?i) -dominated 
splitting, for some c > and X G (0, 1), such that the sub-bundle E^ = E^ i?, uniformly contract- 
ing: for every t > and every G A we have 

\\DXi \E'^\\< cl'. 

For X G A and ? G M we let 7f (jc) be the absolute value of the determinant of the linear map 

We say that the sub-bundle E™ of the partially hyperbolic invariant set A is volume expanding if 
Jf{x) > ce-^ for every x G A and ? ^ 0. In this case we say that E'j^ is (^c ,}C) -volume expanding 
to indicate the dependence on c, X. 

Definition 1.3. Let A be a compact invariant set of X G X''{M) with singularities. We say that 
A is a singular-hyperbolic set for X if all the singularities of A are hyperbolic, and A is partially 
hyperbolic with volume expanding central direction. 
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1 .2. Expansiveness. The flow is sensitive to initial data if there is 5 > such that, for any xEM 
and any neighborhood N of x, there isy E N and t >0 such that dist(X,(x),Xf (};)) > 5. 

We shall work with a much stronger property, called expansiveness. Denote by 5(M) the set 
of surjective increasing continuous functions /z : M — > M. We say that the flow is expansive if for 
every £ > there is 5 > such that, for any h E 5(M), if 

dist(Xf (jc) , (j) ) < 5 for aU t E M, 

then (y) E X^to-ejo+e] (^)' for some to E M. We say that an invariant compact set A is expan- 
sive if the restriction of Xf to A is an expansive flow. 

This notion was proposed by Komuro in [|23ll . and he called it ^* -expansiveness. He proved 
that a geometric Lorenz attractor is expansive in this sense. Our first main result generalizes this 
to any singular-hyperbolic attractor. 

Theorem A. Let Abe a singular-hyperbolic attractor ofX E X ^ (M). Then A is expansive. 

An immediate consequence of this theorem is the following 

Corollary 1. A singular-hyperbolic attractor of a 3-flow is sensitive to initial data. 

A stronger notion of expansiveness has been proposed by Bowen- Walters [fTOl|. In it one 
considers continuous maps /i : M — > M with h{0) = 0, instead. This turns out to be unsuitable when 
dealing with singular sets, because it implies that all singularities are isolated [ 10, Lemma 1]. An 
intermediate definition was also proposed by Keynes-Sears ll2T1l : the set of maps is the same as 
in [23 1, but they require to = 0. Komuro [.23 J shows that a geometric Lorenz attractor does not 
satisfy this condition. 

1.3. Physical measure. An invariant probability /uis a physical measure for the flow Xf, t eM. 
if the set B{ij) of points zE M satisfying 

lim — / (p(Xt{z)) dt = f (pdiu for all continuous cp : M ^ M 

r^+oo T Jo J 

has positive Lebesgue measure: m{B{^)) > 0. In that case, is called the basin of /j. 

Physical measures for singular- hyperbolic attractors were constructed by Colmenarez [[T2l . 
We need to assume that is a flow of class since for the construction of physical 

measures a bounded distortion property for one-dimensional maps is needed. These maps are 
naturally obtained as quotient maps over the set of stable leaves, which form a C^+" foliation of 
a finite number of cross-sections associated to the flow if the flow is C^, see Section [51 

Theorem B. Let Abe a singular-hyperbolic attractor. Then A supports a unique physical prob- 
ability measure ^ which is ergodic, hyperbolic and its ergodic basin covers a full Lebesgue 
measure subset of the topological basin of attraction, i.e. B{ff) = W^{A), m mod 0. 

This statement extends the main result in Colmenarez [[T2|. where hyperbolicity of the physical 
measure was not proved and the author assumed that periodic orbits in A exist and are dense. 
However in another recent work, Arroyo and Pujals [0 show that every singular-hyperbolic 
attractor has a dense set of periodic orbits, so the denseness assumption is no restriction. Here 
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we give an independent proof of the existence of SRB measures which does not use denseness 
of periodic orbits and that enables us to obtain the hyperbolicity of the SRB measure. 

Here hyperbolicity means non-uniform hyperbolicity: the tangent bundle over A splits into a 
sum T^M = © Ef © of three one-dimensional invariant subspaces defined for /j-a.e. z G A 
and depending measurably on the base point z, where ^ is the physical measure in the statement 
of Theorem |Bl Ef is the flow direction (with zero Lyapunov exponent) and is the direction 
with positive Lyapunov exponent, that is, for every non-zero vector v G we have 

lim -\og\\DX,{z)-v\\ > 0. 

We note that the invariance of the splitting implies that = Ef © F^ whenever K is defined. 
For a proof of non-uniform hyperbolicity without using the existence of invariant measures, but 
assuming density of periodic orbits, see Colmenarez |T3l. 

Theorem |B] is another statement of sensitiveness, this time applying to the whole open set 
5(A). Indeed, since non-zero Lyapunov exponents express that the orbits of infinitesimally close- 
by points tend to move apart from each other, this theorem means that most orbits in the basin 
of attraction separate under forward iteration. See Kifer [22J, and Metzger [|29l , and references 
therein, for previous results about invariant measures and stochastic stability of the geometric 
Lorenz models. 

1 .4. The physical measure is a w-Gibbs state. In the uniformly hyperbolic setting it is well 
known that physical measures for hyperbolic attractors admit a disintegration into conditional 
measures along the unstable manifolds of almost every point which are absolutely continuous 
with respect to the induced Lebesgue measure on these sub-manifolds, see [I8ll9l l42ll47ll . 

Here the existence of unstable manifolds is guaranteed by the hyperbolicity of the physical 
measure: the strong-unstable manifolds V7""(z) are the "integral manifolds" in the direction of 
the one-dimensional sub-bundle F , tangent to F^ at almost every z G A. The sets M^""(z) are 
embedded sub-manifolds in a neighborhood of z which, in general, depend only measurably 
(including its size) on the base point z G A. The strong-unstable manifold is defined by 

W""(z) = {yeM: lim dhi{Xt{y) Mz)) = 0} 

t — > — oo 

and exists for almost every z G A with respect to the physical and hyperbolic measure obtained 
in TheoremlHl We remark that since A is an attracting set, then V7""(z) C A whenever defined. 

The tools developed to prove Theorem |B] enable us to prove that the physical measure obtained 
there has absolutely continuous disintegration along the center-unstable direction. To state this 
result precisely we need the following notations. 

The uniform contraction along the E'^ direction ensures the existence of strong-stable one- 
dimensional manifolds W^\x) through every point x G A, tangent to E\x) at x. Using the action 
of the flow we define the stable manifold ofx G A by 

W'{x) = \JXt{W''{x)). 
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Analogously for jU-a.e. z we can define the unstable-manifold ofz by 

We note that Ef* is tangent to V7"(z) at z for ^u-a.e. z. Given x G A let 5 be a smooth surface in M 
which is everywhere transverse to the vector field X and x E S, which we call a cross-section of 
the flow at x. Let be the connected component of W^{x) fl S containing x. Then is a smooth 
curve in S and we take a parametrization \|/ : [— £, £] x [— £, e] ^ 5 of a compact neighborhood So 
of X in 5, for some £ > 0, such that 

• \l/(0,0) = ;c and \|/ ((-£,£) x {0}) C ^o; 

• ^1 = ^^^({O} X (—£,£)) is transverse to at jc: iti = {x}- 

We consider the family n(5o) of connected components ^ of V7"(z) PiSq containing z G 5o 
which cross Sq. We say that a curve ^ crosses Sq if it can be written as the graph of a map 

Given 6 > we let Tl^{x) = {^(§,s)(0 : ^ G n(5o)} be a family of surfaces inside unstable 
leaves in a neighborhood of x crossing Sq. The volume form m induces a volume form niy on each 
Y G n§(jc) naturally. Moreover, since y G n§(jc) is a continuous family of curves (5*0 is compact 
and each curve is tangent to a continuous sub-bundle E"'), it forms a measurable partition of 
ng(x) = Ujy: yG ng(x)}. We say that n§(x) is a d-adapted foliated neighborhood of x. 

Hence /j \ ri§(x) can be disintegrated along the partition Tl^{x) into a family of measures 
Mym^ix) such that 

Ij\n8{x)= J /Jydfiii), 

where // is a measure on n§(x) defined by 

//(A) = jii (UyeAY) for all Borel sets A C ns(x) . 

We say that /j has an absolutely continuous disintegration along the center-unstable direction if 
for every given xE A, each d-adapted foliated neighborhood n§(jc) ofx induces a disintegration 
{/iylyg nsW Q/A' I n§(A:), for all small enough 5 > 0, such that /Uy <^ niy for fi-a.e. yGn§(A;) . (See 
Section |5T2l for more details.) 

Theorem C. Let Abe a singular-hyperbolic attractorfor a three-dimensional flow. Then the 
physical measure ju supported in A has a disintegration into absolutely continuous conditional 
measures fiy along center-unstable surfaces y G n5(x) such that is uniformly bounded from 
above, for all d-adapted foliated neighborhoods n§(x) and every 5 > 0. Moreover supp(/j) = A. 

Remark 1.4. The proof that supp(/j) = A presented here depends on the abosultely continuous 
disintegration property of /j. 

Remark 1.5. It follows from our arguments that the densities of the conditional measures are 
bounded from below away from zero on A\5, where B is any neighborhood of the singularities 
Sing(X I A). In particular the densities tend to zero as we get closer to the singularities of A. 
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The absolute continuity property along the center-unstable sub-bundle given by Theorem O 
ensures that 



by the characterization of probability measures satisfying the Entropy Formula [|25l . The above 
integral is the sum of the positive Lyapunov exponents along the sub-bundle E*^" by Oseledets 
Theorem [|28ll48l . Since in the direction E*^" there is only one positive Lyapunov exponent along 
the one-dimensional direction F^, ^u-a.e. z, the ergodicity of ^ then shows that the following is 
true. 

Corollary 2. If A is a singular-hyperbolic attractor for a three-dimensional flow Xf, then the 
physical measure ^ supported in A satisfies the Entropy Formula 



Again by the characterization of measures satisfying the Entropy Formula we get that /j has 
absolutely continuous disintegration along the strong-unstable direction, along which the Lya- 
punov exponent is positive, thus n is a u-Gibbs state [|42ll . This also shows that is an equilibrium 
state for the potential — log \ \DXi | F^H with respect to the diffeomorphismXi. We note that the 
entropy hjj{X\) of Xi is the entropy of the flow Xt with respect to the measure /j ['48]. 

Hence we are able to extend most of the basic results on the ergodic theory of hyperbolic 
attractors to the setting of singular-hyperbolic attractors. 

1.5. Application to the Lorenz and geometric Lorenz flows. It is well known that geometric 
Lorenz flows are transitive and it was proved in [|36l that they are singular-hyperbolic attractors. 
Then as a consequence of our results we get the following corollary. 

Corollary 3. A geometric Lorenz flow is expansive and has a unique physical invariant prob- 
ability measure whose basin covers Lebesgue almost every point of the topological basin of 
attraction. Moreover this measure is a u-Gibbs state and satisfies the Entropy Formula. 

Recently Tucker proved that the flow defined by the Lorenz equations [|26l exhibits a 
singular-hyperbolic attractor. In particular our results then show the following. 

Corollary 4. The flow defined by the Lorenz equations is expansive and has a unique physical 
invariant probability measure whose basin covers Lebesgue almost every point of the topological 
basin of attraction. Moreover this measure is a u-Gibbs state and satisfies the Entropy Formula. 

This paper is organized as follows. In Section |2] we obtain adapted cross-sections for the 
flow near A and deduce some hyperbolic properties for the Poincare return maps between these 
sections to be used in the sequel. Theorem |A] is proved in Section [3l In Section |4] we outline 
the proof of Theorem |Bl which is divided into several steps detailed in Sections |5] through |7J 
In Section |5] we reduce the dynamics of the global Poincare return map between cross-sections 
to a one-dimensional piecewise expanding map. In Sections |6] and |7] we explain how to con- 
struct invariant measures for the Poincare return map from invariant measures for the induced 
one-dimensional map, and also how to obtain invariant measures for the flow through invariant 
measures for the Poincare return map. This concludes the proof of Theorem |B] 
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Finally, in Section [8] we again use the one-dimensional dynamics and the notion of hyperbolic 
times for the Poincare return map to prove that the physical measure is SRB and that supp(/j) = A, 
concluding the proof of Theorem O and of Corollary |2l 

Acknowledgments. We are grateful to the referee for the careful revison of the paper and the 
many valuable suggestions which greatly improved the readibility of the text. 

2. Cross-sections and Poincare maps 

The proof of Theorem|A]is based on analyzing Poincare return maps of the flow to a convenient 
cross-section. In this section we give a few properties of Poincare maps, that is, continuous maps 

: E — * E' of the form R{x) = between cross-sections E and E'. We always assume that 

the Poincare time t{-) is large (Section [Z2l ). Recall that we assume singular-hyperbolicity. 

Firstly, we observe (Section [2TI) that cross-sections have co-dimension 1 foliations which are 
dynamically defined: the leaves W^{x,'L) = Wf^^,{x) flE correspond to the intersections with the 
stable manifolds of the flow. These leaves are uniformly contracted (Section |Z2|) and, assuming 
the cross-section is adapted (Section [23l) the foliation is invariant: 

R{W'{x,L)) cW'{R{x)X) foraUxGAnE. 

Moreover, R is uniformly expanding in the transverse direction (Section IX2l) . In Section we 
analyze the flow close to singularities, again by means of cross-sections. 

2.1. Stable foliations on cross-sections. We begin by recalling a few classical facts about par- 
tially hyperbolic systems, especially existence of strong-stable and center-unstable foliations. 
The standard reference is [18J. 

Hereafter, A is a singular-hyperbolic attractor of X G (M) with invariant splitting T\M = 
Q^cM dimE'^" = 2. Let (BE"' be a continuous extension of this splitting to a small 
neighborhood Uq of A. For convenience, we take Uq to be forward invariant. Then E^ may chosen 
invariant under the derivative: just consider at each point the direction formed by those vectors 
which are strongly contracted by DXf for positive t. In general, E"' is not invariant. However, 
we can always consider a cone field around it on Uq 

C^\x) = {v = v^' + v^" : e El and v" e £f with ||vl < a ■ ||v™||} 

which is forward invariant for a> 0: 

(2) DXt (C^" (x) ) C C™ (Xt (x) ) for all large t > 0. 

Moreover, we may take a > arbitrarily small, reducing Uq if necessary. For notational simplic- 
ity, we write E^ and E'^" for E^ and E"' in all that follows. 

The next result asserts that there exist locally strong-stable and center-unstable manifolds, 
defined at every regular point x E Uq, which are embedded disks tangent to and E"'{x), 

respectively. The strong-stable manifolds are locally invariant. Given any x E Uq , define 

W''{x) = {yEM: dist{Xt{x),Xt{y)) ^ as t ^ +00} 
W'{x) = [jW'-\X,{x)) = \JX,{W'-\x)). 



SINGULAR-HYPERBOLIC ATTRACTORS ARE CHAOTIC 



9 



Given e > 0, denote 4 = (-e, e) and let £ ^ (/i ,M) be the set of embedding maps / : /i ^ M 
endowed with the topology. 

Proposition 2.1. (stable and center-unstable manifolds) There are continuous maps (|)"" : Uq —>■ 
'E^{Ii,M) and^'^^ : Uq ^ 'E^{h^ h,M) such that given anyO < £ < 1 andx G Uq, if we denote 
Wi'{x) = (^''{x) ih) and Wt'{x) = (^™(jc) (/g x 4), 

(a) T,Wi'ix)=E'{x); 

(b) T,Wt'{x)=E'"{x); 

(c) W^^{x) is a neighborhood ofx inside W^''{x); 

(d) y G W^^{x) there is T >0 such thatXriy) G W^^{Xt{x)) (local invariance); 

(e) d{Xt{x) ,Xt(y)) < c ■ V ■ d{x,y) for all t > and ally e Wl' {x) . 

The constants c > and X G (0, 1) are taken as in Definition 1 1.21 and the distance d{x,y) is the 
intrinsic distance between two points on the manifold W^''{x), given by the length of the shortest 
smooth curve contained in Wl'^{x) connecting x to y. 

Denoting E'^^ = © E^ , where E^ is the direction of the flow at x, it follows that 

(3) T,W'\x)=E-l and T,W\x)=E',\ 

We fix £ once and for all. Then we call Wl^{x) the local strong-stable manifold and W^"{x) the 
local center-unstable manifold of x. 

Now let E be a cross-section to the flow, that is, a embedded compact disk transverse to X 
at every point. For every .x; G E we define ^^^{x, E) to be the connected component of W^{x) fl E 
that contains x. This defines a foliation of E into co-dimension 1 sub-manifolds of class C^. 

Remark 2.2. Given any cross-section E and a point x in its interior, we may always find a smaller 
cross-section also with x in its interior and which is the image of the square [0, 1] x [0, 1] by a 
diffeomorphism h that sends horizontal lines inside leaves of 3^^. So, in what follows we 
always assume cross-sections are of the latter kind, see Figured We denote by int(E) the image 
of (0, 1) X (0, 1) under the above-mentioned diffeomorphism, which we call the interior of E. 

We also assume that each cross-section E is contained in Uq, so that every .x; G E is such that 
(ii{x) C A. 

Remark 2.3. In general, we can not choose the cross-section such that VF''(x,E) C Wl^{x). The 
reason is that we want cross-sections to be C^. Cross-section of class are enough for the proof 
of expansiveness in Section [3] but is needed for the construction of the physical measure in 
Sections [5] through [5] and for the absolute continuity results in Section [8l The technical reason 
for this is explained in Section [5]2l 

On the one hand x ^ Wl'^{x) is usually not differentiable if we assume that X is only of class 
On the other hand, assuming that the cross-section is small with respect to £, and choosing 
any curve y C E crossing transversely every leaf of 3^^ , we may consider a Poincare map 

i?z:2:^E(y) = Uw^"(z) 

with Poincare time close to zero, see Figure [T] This is a homeomorphism onto its image, close 
to the identity, such that Ry^{W'^{x,'L)) C Wl^{Ri^{x)). So, identifying the points of E with their 
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images under this homeomorphism, we may pretend that indeed W^{x,'L) C W^\x). We shall 
often do this in the sequel, to avoid cumbersome technicalities. 




Figure 1 . The sections E, E(y), the manifolds W'{x),W''{x), W'{x, E) and the 
projection on the right. On the left, the square [0, 1] x [0, 1] is identified with 
E through the map h, where 3^'^ becomes the horizontal foliation and the curve y 
is transversal to the horizontal direction. Solid lines with arrows indicate the flow 
direction. 

2.2. Hyperbolicity of Poincare maps. Let E be a small cross-section to X and let i? : E — > E' be 

a Poincare map R{y) = Xf(^y^ (y) to another cross-section E' (possibly E = E'). Note that R needs 
not correspond to the first time the orbits of E encounter E' , nor it is defined everywhere in E. 

The splitting E'^ © E^'" over Uq induces a continuous splitting © E^' of the tangent bundle 
TE to E (and analogously for E'), defined by (recall ^ for the use of E*^^) 

(4) Ei{y)=E;'nTyL and E^"{y) = E'/ HTyL. 

We are going to prove that if the Poincare time t{x) is sufficiently large then dH) defines a hyper- 
bolic splitting for the transformation R on the cross-sections, at least restricted to A: 

Proposition 2.4. Let R : L ^ L' be a Poincare map as before with Poincare time t{-). Then 
DR^ (x) )=El{R{x)) at every xeL and DR^ (x) ) = E£' {R{x)) at every x e AnL. 

Moreover for every given < ?i < 1 there exists ti = ?i(E, E',?i) > such that ift{-) > ti at 
every point, then 

\\DR\El{x)\\<'k and \\DR\ E^^x)]] > l/l at every xeL. 

Remark 2.5. In what follows we use ^ as a generic notation for large constants depending only 
on a lower bound for the angles between the cross-sections and the flow direction, and on upper 
and lower bounds for the norm of the vector field on the cross-sections. The conditions on ti 
in the proof of the proposition depend only on these bounds as well. Li all our applications, all 
these angles and norms will be uniformly bounded from zero and infinity, and so both K and ti 
may be chosen uniformly. 
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Proof. The differential of the Poincare map at any point x e L is given by 

where Pjn^x) is the projection onto Tj^i^-^^TJ along the direction of X{R{x)) . Note that E^{x) is 
tangent to Ln (x) D (x, E) . Since the stable manifold (x) is invariant, we have invariance 
of the stable bundle: DR{x) {E^{x)) = E^, {R{x)). Moreover for all x e A we have 

Since Pr[x) is the projection along the vector field, it sends E'j^^^^ to E^'{R{x)). This proves that 

the center-unstable bundle is invariant restricted to A, i.e. DR{x) (£'£"(x)) = E^{R{x)). 

Next we prove the expansion and contraction statements. We start by noting that \\Pr[x) II ^ ^• 

Then we consider the basis { of where e" is a unit vector in the direction of 

E^{x). Since the flow direction is invariant, the matrix of DXf \ E^" relative to this basis is upper 
triangular: 

" mR{x) 



DX, 



(x) 



\\X{x) 





A 



Moreover 



i.de.(Z,X,,,|Ef)<ll^<''W 



U<*:det(DX,M|£f). 



Then 



II^W 

\\DR{x)el\\ = ||P^(,)(DX,(,)(x) •e«)|| = ||A-4(^)|| = |A| 

> K-^ I det(Z)Z,(^) I ) I > /sT-^^-'W > X'h . 

Taking t\ large enough we ensure that the latter expression is larger than 1/A,. 

To prove \\DR | £'|.(x) || < X, let us consider unit vectors e and e E^{x), and write 

X{x) 



\\X{x) 



Since <(£'*,X(x)) > <(£'^,£'!j;") and the latter is uniformly bounded from zero, we have l^j > K 
for some K > which depends only on the flow. Then 

||Di?(x)<|| = o (x) • II 



(5) 



1 



Pr{x)° [DXt(^x){x){e'^-bx 



X{x)_ 



□ 



= ^ \\PR^x)o{DX,^x){x)-i^x)\\ < f ^^(^^ < l^''- 

Once more it suffices to take t\ large to ensure that the right hand side is less than X. 

Given a cross-section L, a positive number p, and a point x e L, we define the unstable cone 
of width p at X by 

(6) C^(x) = {v = + v" : e £i(x), v" e ££"(x) and ||v'|| < p||v"||} 



12 



V. ARAUJO, M. J. PACIFICO, E. R. PUJALS, M. VIANA 



(we omit the dependence on the cross-section in our notations). 

Let p > be any small constant. In the following consequence of Proposition 12.41 we assume 
the neighborhood Uq has been chose sufficiently small, depending on p and on a bound on the 
angles between the flow and the cross-sections. 

Corollary 2.6. For any R.L^'L'as in Proposition \2.4\ with t{-)> t\, and any x ^L, we have 

DR{x){C'^{x)) C C^/2(i?W) and \\DRj,{v)\\ > ^X'^ ■ \\v\\ for all v e C^ix). 

Proof. Proposition 12.41 immediately implies that DRx{Cp{x)) is contained in the cone of width 
p/4 around DR(x) relative to the splitting 

r^(,)E' = Ei,{R{x)) (BDR{x) W) . 

(We recall that £■£ is always mapped to E^,.) The same is true for E^' and E^' , restricted to A. 
So the previous observation already gives the conclusion of the first part of the corollary in the 
special case of points in the attractor. Moreover to prove the general case we only have to show 
that DR{x) (^E^' (x)^ belongs to a cone of width less than p/4 around E^(R{x)). This is easily 
done with the aid of the flow invariant cone field C"' in as follows. On the one hand, 

cDX,(,)(£r) cDX,(,)(crW) CC^,"{R{x)). 

We note that DR{x) {EI"{x)) = Pr^^) oDX^^^) {E^{x)) . Since Pr^^) maps to E^{R{x)) and 
the norms of both Pri^^) and its inverse are bounded by some constant K (see Remark 12.51) . we 
conclude that DR{x) (^E£'{x)) is contained in a cone of width b around E^t{R{x)), where b = 
b(a,K) can be made arbitrarily small by reducing a. We keep K bounded, by assuming the 
angles between the cross-sections and the flow are bounded from zero and then, reducing Uq if 
necessary, we can make a small so that b < p/4. This concludes the proof since the expansion 
estimate is a trivial consequence of Proposition [ZH □ 

By a curve we always mean the image of a compact interval [a,b] by a map. We use i{y) 
to denote its length. By a cu-curve in E we mean a curve contained in the cross-section E and 
whose tangent direction T^y C Cp(z) for all z G y. The next lemma says that cu-curves linking the 
stable leaves of nearby points must be short. 

Lemma 2.7. Let us assume that p has been fixed, sufficiently small. Then there exists a constant 
K such that, for any pair of points jc, j G E, and any cu-curve y joining x to some point ofW^ (y, E), 
we have £{y) < K-d{x,y). 

Here d is the intrinsic distance in the surface E. 

Proof. We consider coordinates on E for which x corresponds to the origin, (x) corresponds 
to the vertical axis, and E^{x) corresponds to the horizontal axis; through these coordinates we 
identify E with a subset of its tangent space at x, endowed with the Euclidean metric. In general 
this identification is not an isometry, but the distortion is uniformly bounded, and that is taken 
care of by the constants Ci and C2 in what follows. The hypothesis that y is a cu-curve implies 
that it is contained in the cone of width Ci ■ p centered at x. On the other hand, stable leaves are 
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W'(y, £) 



Figure 2. The stable manifolds on the cross-section and the cw-curve y con- 
necting them. 

close to being horizontal. It follows (see Figure [21) that the length of yis bounded by C2 ■ d{x,y). 
This proves the lemma with K = C2 . □ 

In what follows we take ti in Proposition 12.41 for X = 1/3. From Section [5] onwards we will 
need to decrease X once taking a bigger ti . 

2.3. Adapted cross-sections. The next step is to exhibit stable manifolds for Poincare trans- 
formations i? : E — * E'. The natural candidates are the intersections V7'^(x, E) = W^{x) fl E we 
introduced previously. These intersections are tangent to the corresponding sub-bundle and 
so, by Proposition I2.4[ they are contracted by the transformation. For our purposes it is also 
important that the stable foliation be invariant: 

(7) R{W'{x,i:)) cW'{R{x)X) for every jcG ARE. 

In order to have this we restrict somewhat our class of cross-sections whose center-unstable 
boundary is disjoint from A. Recall (Remark 12.21) that we are considering cross-sections E that 
are diffeomorphic to the square [0, 1] x [0, 1], with the horizontal lines [0, 1] x {r[} being mapped 
to stable sets W^{y,'L). The stable boundary 3'^E is the image of [0, 1] x {0, 1}. The center- 
unstable boundary 3™E is the image of {0, 1} x [0, 1]. The cross-section is d-adapted if 

J(AnE,a^"E) >5, 

where d is the intrinsic distance in E, see Figure [3l We call horizontal strip of E the image 
/z([0, 1] X /) for any compact subinterval /, where : [0, 1] x [0, 1] — > E is the coordinate system 
on E as in Remark [Z2l Notice that every horizontal strip is a 5-adapted cross-section. 
In order to prove that adapted cross-sections do exist, we need the following result. 

Lemma 2.8. If A is a singular-hyperbolic attractor, then every point x ^ A is in the closure of 
W''{x)\A. 

Proof. The proof is by contradiction. Let us suppose that there exists x G A such that x is in the 
interior of W^'''{x) fl A. Let a{x) C A be its a- limit set. Then 

(8) W''{z) C A for every z G a{x), 
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A does not intersect a 
' - ' ' 5-neighbhd. of the cu-boundary 



cu — boundary 
s — boundary 



stable leaves 



Figure 3. An adapted cross-section for A. 



since any compact part of the strong- stable manifold of z is accumulated by backward iterates of 
any small neighborhood of x inside W^\x). It follows that a{x) does not contain any singularity: 
indeed, [|37l Theorem B] proves that the strong-stable manifold of each singularity meets A only 
at the singularity. Therefore by (STl Proposition 1.8] the invariant set a(x) C A is hyperbolic. It 
also follows from ([8]) that the union 



of the strong- stable manifolds through the points of (i{x) is contained in A. By continuity of the 
strong-stable manifolds and the fact that <x{x) is a closed set, we get that S is also closed. Using 
[|37l once more, we see that S does not contain singularities and, thus, is also a hyperbolic set. 

We claim that W^\S), the union of the unstable manifolds of the points of 5, is an open set. To 
prove this, we note that S contains the whole stable manifold W^{z) of every z G 5: this is because 
S is invariant and contains the strong-stable manifold of z- Now, the union of the strong-unstable 
manifolds through the points of W^{z) contains a neighborhood of z- This proves that W"{S) is 
a neighborhood of S. Thus the backward orbit of any point in W"{S) must enter the interior of 
W^{S). Since the interior is, clearly, an invariant set, this proves that W"{S) is open, as claimed. 

Finally, consider any backward dense orbit in A (we recall that for us an attractor is transitive 
by definition). On the one hand, its a-limit set is the whole A. On the other hand, this orbit must 
intersect the open set W"{S), and so the a-limit set must be contained in S. This implies that 
A C 5, which is a contradiction, because A contains singularities. □ 

Corollary 2.9. For any x G A there exist points x+ ^ A and x^ ^ A in distinct connected compo- 
nents ofW^^{x) \ {x}. 

Proof. Otherwise there would exist a whole segment of the strong- stable manifold entirely con- 
tained in A. Considering any point in the interior of this segment, we would get a contradiction 
to Lemma |Z8l □ 

Lemma 2.10. Let x & Abe a regular point, that is, such that X{x) ^ 0. Then there exists 6 > 
for which there exists a d-adapted cross-section E at x. 

Proof. Fix £ > as in the stable manifold theorem. Any cross-section Eq at x sufficiently small 
with respect to £ > is foliated by the intersections Wl{x) fl Eq . By Corollary |2.9[ we may 



S= y W'\y) 



yea{x)nA 
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find points x+ ^ A and ^ A in each of the connected components of W/(jc) fl Eq . Since A 
is closed, there are neighborhoods of x"^ disjoint from A. Let y C Eq be some small curve 
through X, transverse to W^{x) flEo . Then we may find a continuous family of segments inside 
Wl{y) n Eo , J G Y with endpoints contained in V^. The union E of these segments is a 5-adapted 
cross-section, for some 5 > 0, see Figure IH □ 















';X_ 


T 








5 



Figure 4. The construction of a 5-adapted cross-section for a regular x E A. 



We are going to show that if the cross-sections are adapted, then we have the invariance prop- 
erty dV]). Given E, E' G S we set E(E') = {x G E : R{x) G E'} the domain of the return map from 
E to E'. 

Lemma 2.11. Given 5 > and d-adapted cross-sections E and E', there exists t2 — ?2(E, E') > 
such that ifR : E(E') — > E' defined by R{z) = Rt(^^--f{z) is a Poincare map with time t{-) > t2, then 

(1) R{W'{x,i:)) C W'{R{x)X) for every xeL{1:'), and also 

(2) diR{y),R{z)) < yiy.z) for every y,zeW'-{x,L) andxeL{L'). 

Proof. This is a simple consequence of the relation ^ from the proof of Proposition 12.41 the 
tangent direction to each W^{x,'L) is contracted at an exponential rate X 

\\DR(x)e'\\ < -VW. 
II V J xn - ^ 

Choosing t2 sufficiently large we ensure that 

-l'^ ■ snp{i{W'{x,L)) : X G E} < 6. 

In view of the definition of 6- adapted cross-section this gives part (1) of the lemma. Part (2) is 
entirely analogous: it suffices that (K/k) ■V^ < 1/2. □ 

Lemma 2.12. Let Lbe a h-adapted cross-section. Then, given any r > there exists p such that 

d{y,z)<9 dist{X,{y),Xsiz))<r 
for all s > 0, every z G W^{x, E), and every x G A fl E. 

Remark 2.13. Clearly we may choose t2> t\ . Remark [231 applies to t2 as well. 
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Proof. Let y and z be as in the statement. As in Remark [231 we may find z' = X^{z) in the 
intersection of the orbit of z with the strong-stable manifold of y satisfying 

^<'-^<K and »<K.d(y,z). 

K d{y,z) 

Then, given any 5 > 0, 

dist(X,(3;),X,(z)) < dist(X,(3;),X,(z')) +dist(Z,(z'),^.(z)) 
< C • e'^' ■ dist(3;, z') + dist(X,+x(z) 
<KC-e'^'-d{y,z)+K\x\ < (KC + K^) -diy.z). 

Taking p < r/ (KC + K^) we get the statement of the lemma. □ 

2.4. Flow boxes around singularities. In this section we collect some known facts about the 
dynamics near the singularities of the flow. It is known ll36l Theorem A] that each singularity 
of a singular-hyperbolic attracting set, accumulated by regular orbits of a 3 -dimensional flow, 
must be Lorenz-like. In particular every singularity Ok of a singular-hyperbolic attractor, as in the 
setting of Theorem|Al is Lorenz-like, that is, the eigenvalues ?ii , , of the derivative DX (Ok) 
are all real and satisfy 

> > ?i2 > ^3 and + ?i2 > 0. 
In particular, the unstable manifold W"{(5k) is one-dimensional, and there is a one-dimensional 
strong-stable manifold W^^{(5k) contained in the two-dimensional stable manifold W^{(5k). Most 
important for what follows, the attractor intersects the strong-stable manifold at the singularity 
only [36, Theorem A]. 

Then for some 6 > we may choose 6-adapted cross-sections contained in Uq 

• E"'^ at points in different components of W"^^.{(5k) \ {Ok} 

• E''^ at points in different components of Wfg^{Ok) \ ^ioc(^k) 

and Poincare maps : E''=^ \ ^ E"^" U E'''+, where = Z''^ fl W/^c(Ofc), satisfying (see 
Figure [5]) 

(1) every orbit in the attractor passing through a small neighborhood of the singularity Ok 
intersects some of the incoming cross-sections E''"*^; 

(2) maps each connected component of E''^ \ diffeomorphically inside a different 
outgoing cross-section E'^'^, preserving the corresponding stable foliations and unstable 
cones. 

These cross-sections may be chosen to be planar relative to some linearizing system of coor- 
dinates near , e.g. for a small 5 > 

E''± = {(xi,;c2,±l) : 1^1 1 <5,|jC2| < 6} and E"'^ = {(±1,X2,X3) : \x2\ <6,|jc3| < 5}, 

where the xi-axis corresponds to the unstable manifold near o^, the X2-axis to the strong-stable 
manifold and the .JC3-axis to the weak-stable manifold of the singularity which, in turn, is at the 
origin, see Figure [51 

Reducing the cross-sections if necessary, i.e. taking 6 > small enough, we ensure that the 
Poincare times are larger than t2 , so that the same conclusions as in the previous sections apply 




here. Indeed using linearizing coordinates it is easy to see that for points z = jc2, ±1) G E''^ 
the time it takes the flow starting at z to reach one of E"'^ depends on x\ only and is given by 

We then fix these cross-sections once and for all and define for small £ > flow-box 
Uo,= U ^(-e,x±W+e)WU(-5,5)x(-6,6)x(-l,l) 

which is an open neighborhood of Ok with Ot the unique zero of X \ Uai,- We note that the 
function : E''^ ^ R is integrable with respect to the Lebesgue (area) measure over E''^: we 
say that the exit time function in a flow box near each singularity is Lebesgue integrable. 

In particular we can determine the expression of the Poincare maps between ingoing and 
outgoing cross-sections easily thought linearized coordinates 

(9) E''+ n {x, > 0} ^ E«'+, (^1,^2, 1) ^ (1,X2 -^r'^/"' • 

This shows that the map obtained identifying points with the same X2 coordinate, i.e. points in 

the same stable leaf, is simply x\ ^ where |3 = —Xz/'^i £ (0, !)• For the other possible com- 
binations of ingoing and outgoing cross-sections the Poincare maps have a similar expression. 
This will be useful to construct physical measures for the flow. 

3. Proof of expansiveness 

Here we prove TheoremjAl The proof is by contradiction: let us suppose that there exist e > 0, 
a sequence 5„ ^ 0, a sequence of functions hn G 5(]R), and sequences of points x„, y„ G A such 
that 

(10) d[Xt{Xn),Xh^i^t){yn)) <^n for G R, 

but 

(11) {y^) i {xn) for aU t G M. 
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3.1. Proof of Theorem |Al The main step in the proof is a reduction to a forward expansiveness 
statement about Poincare maps which we state in Theorem 13.11 below. 

We are going to use the following observation: there exists some regular (i.e. non-equilibrium) 
point zEA which is accumulated by the sequence of (O-limit sets (o(x„) . To see that this is so, start 
by observing that accumulation points do exist, since the ambient space is compact. Moreover, 
if the co-limit sets accumulate on a singularity then they also accumulate on at least one of the 
corresponding unstable branches which, of course, consists of regular points. We fix such a z 
once and for all. Replacing our sequences by subsequences, if necessary, we may suppose that 
for every n there exists z„ G io{xn) such that z„ — > z. 

Let E be a 5-adapted cross-section at z, for some small 5. Reducing 5 (but keeping the same 
cross-section) we may ensure that z is in the interior of the subset 

E5 = {3;GE: J(3;,aE)>5}. 

By definition the orbit of x,, returns infinitely often to a neighborhood of Zn which, on its turn, 
is close to z. Thus dropping a finite number of terms in our sequences if necessary, we have 
that the orbit of intersects E infinitely many times. Let be the time corresponding to the 
first intersection. Replacing x„, y„, t, and by jc^") = Xt„{x„), = X/,^^(^,^)(j„), t' = t- 1,,, and 

h'^{t') = hn{t' + tn) — hn{tn), WC may suppose that x^'^^ G E5 , while preserving both relations (fTOl) 
and (fTTI) . Moreover there exists a sequence x„j , j > with x„.o = such that 

(12) xW(j)=X,„,(.^W)GE5 and x„,, -x„,,_i > max{?i,?2} 

for all J > 1, where ti is given by Proposition 12.41 and t2 is given by Lemma l2.1 II 

Theorem 3.1. Given £0 > there exists 5o > such that ifx G E§ and j G A satisfy 

(a) there exist Xj such that 

Xj =Xt:j{x) G E§ and Xy — Xj_i > max{ri,?2} for all j > 1; 

(b) dist(Xt{x),X^t-j{y)^ < do, for all t > and some h e S{R); 
then there exists 5 G M such that Xfi(^^-j{y) G {X[s-eo.s+eo]{^))- 

We postpone the proof of Theorem 13. II until the next section and explain first why it implies 
Theorem |Al We are going to use the following observation. 

Lemma 3.2. There exist p > small and c > 0, depending only on the flow, such that ifzi,Z2,Z3 
are points in A satisfying zs G xI^P'P] (22) and zi G Wp" (zi), then 

dist(zi,z3) > c■max{dist(zl,^2),dist(z2,^3)}• 
/'roo/ This is a direct consequence of the fact that the angle between E^'^ and the flow direction 
is bounded from zero which, on its turn, follows from the fact that the latter is contained in 
the center-unstable sub-bundle Indeed consider for small enough p > the surface 
xI^P'P] (W'p'^(zi)). The Riemannian metric here is uniformly close to the Euclidean one and 
we may choose coordinates on [— p, p]^ putting zi at the origin, sending W^^{zi) to the segment 
[-p,p] X {0}andX["P'Pl(zi) to {0} x [-p, p], seeFigurelS Then the angle a between x'^P-P' (22) 
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P 

Figure 6. Distances near a point in the stable-manifold. 

and the horizontal is bounded from below away from zero and the existence of c follows by 
standard arguments using the Euclidean metric. □ 

We fix Eo = e as in (fTT)) and then consider 5o as given by Theorem 13.11 Next, we fix n such 
that 5„ < 5o and 5„ < cp, and apply Theorem l3.1l to x = x^'^^ and y = and h = h,i . Hypothesis 
(a) in the theorem corresponds to (fT2)) and, with these choices, hypothesis (b) follows from (flOl) . 
Therefore we obtain that (y) G W^''^ {X^s-E.s+eji^)) ■ I^i other words, there exists |x| < £ such 
that G Wl'^ {Xs+i{x)) . Hypothesis (fTTI) implies that Xij(^^-^{y) ^ Xs\'z{x). Since strong- 

stable manifolds are expanded under backward iteration, there exists > maximum such that 

e W^p'(^.+T-fW) and %,+^_,)();) GX[_p^p](X;,(,)_,(3;)) 

for all < ? < 0, see Figure |7l Since is maximum 

either dist(X/,(,)_,(3;),X,+^_,W) = p, or dist (y)) = p for ? = 0. 



z 
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(\ ' 
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X[^,p](Xh(,)_t(y)) 
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h(s+T-t)(y) 


/ -Xh(s)- 


t(y) 


— ^ • 




^ X s+T-t(x) 



Wp(X,^_j(x)) 



Figure 7. Sketch of the relative positions of the strong-stable manifolds and 
orbits in the argument reducing Theorem |A] to Theorem 13. 1[ 

Using Lemma [3]2l we conclude that 

dist(X,+x-/W,^/,(,+T-o(3')) > cp > 5„ 



which contradicts (ITOI) . This contradiction reduces the proof of Theorem lAl to that of Theo- 
rem [3]TJ 
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3.2. Infinitely many coupled returns. We start by outlining the proof of Theorem |3.1[ There 
are three steps. 

• The first one, which we carry out in the present section, is to show that to each return 
Xj of the orbit of jc to E there corresponds a nearby return jj of the orbit of y to E. The 
precise statement is in Lemma [33] below. 

• The second, and most crucial step, is to show that there exists a smooth Poincare map, 
with large return time, defined on the whole strip of E in between the stable manifolds of 
Xj and jj . This is done in Section l33l 

• The last step. Section [3.3.41 is to show that these Poincare maps are uniformly hyper- 
bolic, in particular, they expand CM-curves uniformly (recall the definition of ca-curve in 
Section [121). 

The theorem is then easily deduced: to prove i\\dXXi^i^s^{y) is in the orbit of Wl''{x) it suffices to 
show that G W^{xj,'L), by Remark [23] The latter must be true, for otherwise, by hyperbolicity 
of the Poincare maps, the stable manifolds of Xj and jj would move apart as j oo, and this 
would contradict condition (b) of Theorem 13. 11 See Section [3.3.4| for more details. 

Lemma 3.3. There exists K > such that, in the setting of Theorem I3.il there exists a sequence 
{X)j)j>Q such that 

(1) yj= X-Qj{y) is in Lfor all j > 0; 

(2) \Vj -h{Xj) \ <K- 6o, and 

(3) d{xj,yj)<K-do. 

Proof. By assumption d{xj,X^.c.){y)) < K-do for all j > 0. In particular =Xh{xj)iy) is close to 
E. Using a flow box in a neighborhood of E we obtain X^j (y'j) E E for some £j G ( —K ■ 5o, ^ ■ 5o) . 
The constant K depends only on the vector field X and the cross-section E (more precisely, on 
the angle between E and the flow direction). Taking \)y = h{Tj) +ej we get the first two claims 
in the lemma. The third one follows from the triangle inequality; it may be necessary to replace 
^ by a larger constant, still depending on X and E only. □ 

3.3. Semi-global Poincare map. Since we took the cross-section E to be adapted, we may use 
Lemma [2.1 ll to conclude that there exist Poincare maps Rj with Rj{xj) — xj+i and Rjiyj) = yj+i 
and sending W/ (xj , E) and (yj , E) inside {xj+ 1 , E) and W/ {yj+ 1 , E) , respectively. The goal 
of this section is to prove that Rj extends to a smooth Poincare map on the whole strip Lj of E 
bounded by the stable manifolds ofxj and yj . 

We first outline the proof. For each j we choose a curve jj transverse to the stable foliation of 
E, connecting Xj to yj and such that y^- is disjoint from the orbit segments [xj and [yj , Jj+i] • 
Using Lemma [Sm in the same way as in the last paragraph, we see that it suffices to prove that 
Rj extends smoothly to jj . For this purpose we consider a tube-like domain 7j consisting of 
local stable manifolds through an immersed surface Sj whose boundary is formed by and y^+i 
and the orbit segments [xj and [j; ,3';+i] , see Figure [8l We will prove that the orbit of any 

point in jj must leave the tube through y^+i in finite time. We begin by showing that the tube 
contains no singularities. This uses hypothesis (b) together with the local dynamics near Lorenz- 
like singularities. Next, using hypothesis (b) together with a Poincare-Bendixson argument on 
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Figure 8. A tube-like domain. 



Sj , we conclude that the forward orbit of any point in 7j must leave the tube. Another argument, 
using hyperbolicity properties of the Poincare map, shows that orbits through jj must leave Tj 
through jj^i . In the sequel we detail these arguments. 

3.3.1. A tube-like domain without singularities. Since we took and y^+i disjoint from the 
orbit segments [xj ,Xj+\] and [j / , Jy+i]. the union of these four curves is an embedded circle. We 
recall that the two orbit segments are close to each other, by hypothesis (b) 

d {Xt {x) , {y) ) < 5o for all t G 

Assuming that 5o is smaller than the radius of injectiveness of the exponential map of the ambient 
manifold (i.e. exp^ : T^M M is locally invertible in a 5o-neighborhood of x in M for any x E M), 
there exists a unique geodesic linking each Xt{x) to X;,(f)(3^), and it varies continuously (even 
smoothly) with t. Using these geodesies we easily see that the union of with and 

yy+i is homotopic to a curve inside the orbit of x, with endpoints xj and xj+i, and so it is also 
homotopic to the segment [a:j,;cj+i]. This means that the previously mentioned embedded circle 
is homotopic to zero. It follows that there is a smooth immersion (|) : [0, 1] x [0, 1] ^ M such that 

. (^({0} X [0, 1]) = y, and (^({1} x [0, 1]) = y,-+i; 
. (^([0, 1] X {0}) = \yj.yj+i\ and(^([0, 1] x {1}) = [.^,,..,+1]. 
Moreover Sj = (|)([0, 1] x [0, 1]) may be chosen such that 

• all the points of Sj are at distance less than 5i from the orbit segment [xj for some 
uniform constant 5i > 5o which can be taken arbitrarily close to zero, reducing 5o if 
necessary, see Figure [8l 

• the intersection of Sj with an incoming cross-section of any singularity (Section is 
transverse to the corresponding stable foliation, see Figure |9l 

Then we define 7j to be the union of the local stable manifolds through the points of that disk. 
Proposition 3.4. The domain Tj contains no singularities of the flow. 

Proof. By construction, every point of T/ is at distance < £ from Sj and, consequently, at distance 
< £ + 5i from [xj,.)cj+i]. So, taking e and 5o much smaller than the sizes of the cross-sections 
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Figure 9. Entering the flow box of a singularity. 



associated to the singularities (Section we immediately get the conclusion of the proposition 
in the case when [xj is disjoint from the incoming cross-sections of all singularities. In the 
general case we must analyze the intersections of the tube with the flow boxes at the singularities. 
The key observation is in the following statement whose proof we postpone. 

Lemma 3.5. Suppose [xj ,Xj+i] intersects an incoming cross-section of some singularity Ok at 
some point X with d{x, 3E[) > 5. Then \yj ,yj+i] intersects ZJ. at some point y with d{x,y) <K-do 
and, moreover x and y are in the same connected component ofY^j^ \ V^/oc('-^'t)- 

Let us recall that by construction the intersection of 5/ with the incoming cross-section is 
transverse to the corresponding stable foliation, see Figure [9l By the previous lemma this in- 
tersection is entirely contained in one of the connected components of \ W'/^^.(Oyt). Since T, 
consists of local stable manifolds through the points of Sj its intersection with E^ is contained 
in the region bounded by the stable manifolds W^{x,TI^ and W^{y,'L'^, and so it is entirely con- 
tained in a connected component of E^\ ^^^^{Ok)- In other words, the crossing of the tube T, 
through the flow box is disjoint from Wi„c{^k), in particular, it does not contain the singular- 
ity. Repeating this argument for every intersection of the tube with a neighborhood of some 
singularity, we get the conclusion of the proposition. □ 

Proof of Lemma \375\ The first part is proved in exactly the same way as Lemma [331 We have 

x = {x) and y = {y) 

with l^o — ^('"o) I < K^Q . The proof of the second part is by contradiction and relies, fundamen- 
tally, on the local description of the dynamics near the singularity. Associated to x and y we have 
the points x = (x) and y = X^^ (y), where the two orbits leave the flow box associated to the 
singularity. If x and y are in opposite sides of the local stable manifold of Ok, then x and y belong 
to different outgoing cross-sections of ■ Our goal is to find some ? G M such that 



Aht{Xt{x),Xj,(^t){y)) >5o, 



thus contradicting hypothesis (b). 
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We assume by contradiction that x, y are in different connected components of E^'^ \ . There 
are two cases to consider. We suppose first that h{ri) > si and note that 5i ^ 5o ~ ^('"o)^ so that 
si > h{ro). It follows that there exists t E (ro,ri) such that h{t) = si since h is non-decreasing 
and continuous. Then Xt{x) is on one side of the flow box of Ok , whereas belongs to the 

outgoing cross-section at the other side of the flow box. Thus dist(Xf(x),X/,(^f)(j)) has the order 
of magnitude of the diameter of the flow box, which we may assume to be much larger than 5o . 

Now we suppose that si > h{r\) and observe that h{r\) > h{ro), since h is increasing. We 
recall also that (y) is close to y, near the incoming cross-section, so that the whole orbit 
segment from Xi^(^f.^-^{y) to (y) is contained in (a small neighborhood of) the flow box, to one 
side of the local stable manifold of Oj . The previous observation means that this orbit segment 
contains However X^-j (x) belongs to the outgoing cross-section at the opposite side of 

the flow box, and so dist {Xr^ (x) (y)) has the order of magnitude of the diameter of the flow 
box, which is much larger than 5o . □ 

3.3.2. Every orbit leaves the tube. Our goal in this section is to show that the forward orbit of 
every point z G Ty leaves the tube in finite time. The proof is based on a Poincare-Bendixson 
argument applied to the flow induced by on the immersed disk 5'^ . 

We begin by defining this induced flow. For the time being, we make the following simplifying 

assumption: 

(H) Sj = (|)([0, 1] X [0, 1]) is an embedded disk and the stable manifolds through the 

points ^ G Sj are pairwise disjoint. 

This condition provides a well-defined continuous projection 71 : T/ — > Sj by assigning to each 
point z e 7j the unique ^ e Sj whose local strong-stable manifold contains z. The (not necessarily 
complete) flow Yt induced by Xt on Sj is given by (^) = n{Xt{^)) for the largest interval of 
values of t for which this is defined. It is clear, just by continuity, that given any subset E of Sj 
at a positive distance from dSj , there exists 8 > such that Yt (^) is defined for all ^ e £ and 
t e [0, e]. In fact this remains true even if E approaches the curve jj (since L is a cross-section 
for Xf , the flow at jj points inward Sj) or the Z^-orbit segments [xj and \yj ,yj+i] on the 
boundary of Sj (because they are also -orbit segments). Thus we only have to worry with the 
distance to the remaining boundary segment: 

(U) given any subset E of Sj at positive distance from yy+i , there exists 8 > such that 7^ (^) 
is defined for all ^ G £ and t G [0, e] . 

We observe also that for points ^ close to Yy+i the flow Yt{Q must intersect Jj+i , after which it 
is no longer defined. 

Now we explain how to remove condition (H). In this case, the induced flow is naturally defined 
on [0, 1] X [0, 1] rather than Sj , as we now explain. We recall that (|) : [0, 1] x [0, 1] ^ M is an 
immersion. So given any w G [0, 1] x [0, 1] there exist neighborhoods U of w and V of ^{w) in 
Sj such that (|) : f/ — > V is a diffeomorphism. Moreover, just by continuity of the stable foliation, 
choosing V sufficiently small we may ensure that each strong-stable manifold W^^{^), ^ G V, 
intersects V only at the point ^. This means that we have a well-defined projection n from 
U^gy We^(^) to V associating to each point z in the domain the unique element of V whose stable 
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manifold contains z- Then we may define Yt(w) for small t, by 

As before, we extend Yt to a maximal domain. This defines a (partial) flow on the square [0, 1] x 
[0, 1], such that both [0, 1] x {/}, i G {0, 1} are trajectories. 

Remark 3.6. A singularity ^ for the flow Yt corresponds to a singularity of X in the local strong- 
stable manifold of ^ in M by the definition of Yt through the projection n. 

Notice also that forward trajectories of points in {0} x [0, 1] enter the square. Hence, the only 
way trajectories may exit is through {1} x [0, 1]. So, we have the following reformulation of 
property (U): 

(U) given any subset £ of [0, 1] x [0, 1] at positive distance from { 1 } x [0, 1] , there exists £ > 
such that Yt{w) is defined for all w G £ and t G [0,e]. 

Moreover for points w close to {1} x [0, 1] the flow F^(^) must intersect {1} x [0, 1], after which 
it is no longer defined. 

Proposition 3.7. Given any point z G T,- there exists t > Q such that Xt{z) ^ 7] ■ 

Proof. The proof is by contradiction. First, we assume condition (H). Suppose there exists z G T, 
whose forward orbit remains in the tube for all times. Let zq = 7r(z). Then F/(zo) is defined for all 
t>0, and so it makes sense to speak of the oo- limit set co(zo) • The orbit l?(zo) can not accumulate 
on Yj+i for otherwise it would leave Sj . Therefore (o(zo) is a compact subset of Sj at positive 
distance from Jj+i- Using property (U) we can find a uniform constant £ > such that Yt{w) is 
defined for every t G [0, £] and every w G co(zo)- Since (o(zo) is an invariant set, we can extend Yt 
to a complete flow on it. 

In particular we may fix wq G (d{zo), w G (0(wo) and apply the arguments in the proof of the 
Poincare-Bendixson Theorem. On the one hand, if we consider a cross-section S to the flow at w, 
the forward orbits of zo and wq must intersect it on monotone sequences; on the other hand, every 
intersection of the orbit of wq with S is accumulated by points in the orbit of zo- This implies that 
w is in the orbit of wq and, in fact, that the later is periodic. 

We consider the disk D C Sj bounded by the orbit of wo- The flow Yt is complete restricted to 
D and so we may apply Poincare-Bendixson's Theorem (see [39]) once more, and conclude that 
Yt has some singularity C, inside D. This implies by Remark [X6] that Xt has a singularity in the 
local stable manifold of C, , which contradicts Proposition 13. 4[ This contradiction completes the 
proof of the proposition, under assumption (H). The general case is treated in the same way, just 
dealing with the flow induced on [0, 1] x [0, 1] instead of on Sj . □ 

3.3.3. The Poincare map is well-defined on ILj. We have shown that for the induced flow Yt on 
Sj (or, more generally, on [0, 1] x [0, 1]) every orbit must eventually cross yy+i (respectively, 
{1} X [0, 1]). Hence there exists a continuous Poincare map 

By compactness the Poincare time 0(-) is bounded. We are going to deduce that every forward 
Xf-orbit eventually leaves the tube T/ through E/+i (the strip in E between the stable manifolds 
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W^{xjj^i , E) and W^{yjj^i, E)), which proves that Rj is defined on the whole strip of E^ between 



and W'\yj,'Lj), as claimed in Section [X2| 



the manifolds 

To this end, let ybe a central-unstable curve in E§ connecting the stable manifolds W^^Xj^Y) 
and W'^{yj,'L). Observe that y is inside T,-. For each z G y, let t{z) be the smallest positive time 
for which the boundary of Tj. 

The crucial observation is that, in view of the construction of Yt , each ^t{l,) (^) belongs to the 
stable manifold ofYt{^£^ (^(z))- We observe also that for {^} yr\W^{xj, E) we have 7? (^) = Xt{Q 
and so?(^) = 0(^). 

Now we take z G y close to ^. Just by continuity the X^-trajectories of ^ and z remain close, 
and by the forward contraction along stable manifolds, the X^-trajectory of ^ remains close to the 
segment [jcj,jcj+i]. Moreover the orbit of z cannot leave the tube through the union of the local 
strong stable manifolds passing through for otherwise it would contradict the definition 

of Yj. Hence the trajectory of z must leave the tube through Ey+i. In other words is a 

point of Ey+i, close to 

Let C y be the largest connected subset containing ^ such that X;(^)(z) G E^+i for all z G t- 
We want to prove that y = y since this implies that Rj extends to the whole y^ and so, using 
Lemma [2.1 11 to the whole strip of Ey . 

The proof is by contradiction. We assume y is not the whole y, and let x be the endpoint 
different from ^ . Then by definition of and of 7/ (from Section 13.3.21 ) x = is on 

the center-unstable boundary d'^"T.j^i of the cross-section E^+i, between the stable manifolds 
W'^Xj+i.Lj+i) and W^yj+i^Lj+i), see Figure [TOl By the choice of y and by Corollary 12.61 




W(yj,Ej) 
W('^jXj) 5 




5 5 "j+i 



Figure 1 . Exiting the tube at Ey+ 1 . 

y = {Xf (z) : z G y} is a cw-curve. On the one hand, by Lemma [2771 the distance between x and 
I = dominates the distance between their stable manifolds and i{y) 

i{y) <K-d{^,x) <K-d{W'{xj+i,L),W\x,L)). 

We note that i{y) is larger than 5, since ^ is in E5 and the section Ej+i is adapted. On the other 
hand, the distance between the two stable manifolds is smaller than the distance between the 
stable manifold of xj-^-i and the stable manifold of yj^i , and this is smaller than ^ ■ 5o . Since 5o 
is much smaller than 5, this is a contradiction. This proves the claim that X;^(2)(z) G Ej+i for all 
zGy. 
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3.3.4. Conclusion of the proof of Theorem 1X7] We have shown that there exists a well defined 
Poincare return map Rj on the whole strip between the stable manifolds of Xj and jj inside E. 
By Proposition 12.41 and Corollary 12.61 we know that the map Rj is hyperbolic where defined and, 
moreover, that the length of each ca-curve is expanded by a factor of 3 by Rj (since we chose 
?i = 1/3 in Section [Z2l) . Hence the distance between the stable manifolds Rj(W''{xj,'L)^ and 
Rj(W\yj,T?l) is increased by a factor strictly larger than one, see Figure [H] This contradicts 
item (2) of Lemma [33] since this distance will eventually become larger than K ■ Sq. Thus jj must 
be in the stable manifold W^{xj, E) . Since the strong-stable manifold is locally flow-invariant and 
'^h{zj){y) is in the orbit of jj = Xx)j{y), then Xj^(^^.-^{y) G W^{xj) = (Xxj{x)) , see Lemma |33] 




Figure 1 1 . Expansion within the tube. 

According to Lemma [33] we have \x)j — h{Xj) \ < K do and, by Remark [23] there exits a small 
£i > such that 

RL{yj)=Myj)^wf{xj) with \t\<£i. 

Therefore the piece of orbit 0^ = ^[ti^-A:-5o-ei ,D;+A:-5o+ei] (y) contains ^/j(ty) (y) ■ We note that this 
holds for all sufficiently small values of 5o > fixed from the beginning. 

Now let £o > be given and let us consider the piece of orbit 0^ = ^[t^-eo,t;+£o](-^) ^^'^ the 
piece of orbit of x whose strong-stable manifolds intersect 0^, i.e. 

0.^. = {X,{x) : 3x G [13; -K-do-t,Vj+K-do + t] such that X^{y) G W^' {Xs{x)) }. 

Since yj G W^'{xj) we conclude that Oxy is a neighborhood of Xj = Xij{x) which can be made as 
small as we want taking 6o and £i small enough. In particular we can ensure that Oxy C 0^ and 
so Xj^(^^.^ (y) G W^^ (^[xj-£o,T;+£o] (■^)) • This finishes the proof of Theorem [3TT] 

4. Construction of physical measures 
Here we start the proof of Theorem [B] 

4.1. The starting point. We show in Section [5] that choosing a global Poincare section E (with 
several connected components) for X on A, we can reduce the transformation R to the quotient 
over the stable leaves. We can do this using Lemma [2.1 1! with the exception of finitely many 
leaves F, corresponding to the points whose orbit falls into the local stable manifold of some 
singularity or are sent into the stable boundary 3''E of some E G S by i?, where the return time 
function x is discontinuous. 
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As will be explained in Section [531 the global Poincare map R -.Z ^ E induces in this way a 
map f : 3^\r ^ 3^ on the leaf space, diffeomorphic to a finite union of open intervals /. which 
is piecewise expanding and admits finitely many \)i , . . . , \)/ ergodic absolutely continuous (with 
respect to Lebesgue measure on /) invariant probability measures (acim) whose basins cover 
Lebesgue almost all points of /. 

Moreover the Radon-Nikodym derivatives (densities) ^ are bounded from above and the 
support of each \)k contains nonempty open intervals, so the basin B{x>k) contains nonempty 
open intervals Lebesgue modulo zero, k= 1 , . . . , /. 

4.2. Description of the construction. Afterwards we unwind the reductions made in Section[5] 
and obtain a physical measure for the original flow at the end. 

We divide the construction of the physical measure for A in the following steps. 

(1) The compact metric space S is endowed with a partition 5" and map i? : S \ F ^ S, 
where F is a finite set of elements of 5" (see Section 15.1.11) . The map R preserves the 
partition 5" and contracts its elements by Lemma [2.1 1[ We have a finite family Di , . . . , D/ 
of absolutely continous invariant probability measures for the induced quotient map / : 

We show in Section [6n that each defines a 7?-invariant ergodic probability measure 
r[i. In Section [6^ we show that the basin B{r[i) is a union of strips of S, and T], are 
therefore physical measures for R. Moreover these basins cover E: 

^2(s\(5(Tii)U---U5(TiO))=0, 

where is the area measure on S. 

(2) We then pass from 7?-invariant physical measures T] i , . . . , T]/ to invariant probability mea- 
sures Vi, . . . , V/ for the suspension semiflow over R with roof function x. In the process 
we keep the ergodicity (Section [641) and the basin property (Section [64|) of the measures: 
the whole space S x [0, +0°) / ~ where the semiflow is defined equals the union of the 
ergodic basins of the V/ Lebesgue modulo zero. 

(3) Finally in Section[7lwe convert each physical measure V/ for the semiflow into a physical 
measure m for the original flow. We use that the semiflow is semiconjugated to Xt on a 
neighborhood of A by a local diffeomorphism. Uniqueness of the physical measure ^ is 
then deduced in Section 17.1! through the existence of a dense regular orbit in A (recall 
that our definition of attractor demands transitivity) and by the observation that the basin 
of /J contains open sets Lebesgue modulo zero. In Section 17.2! we show that /j is (non- 
uniformly) hyperbolic. 

The details are exposed in the following sections. 

5. Global Poincare maps and reduction to a one-dimensional map 

Here we construct a global Poincare map for the flow near the singular-hyperbolic attractor A. 
We then use the hyperbolicity properties of this map to reduce the dynamics to a one-dimensional 
piecewise expanding map through a quotient map over the stable leaves. 
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5.1. Cross-sections and invariant foliations. We observe first that by Lemma [2.101 we can 
take a 5-adapted cross-section at eacli non-singular point x E A. We know also that near each 
singularity Ok there is a flow -box Ua,^ as in Section see Figure [51 

Using a tubular neighborhood construction near any given adapted cross-section E, we lin- 
earize the flow in an open set t/£ = Z(_£ e)(int(E)) for a small £ > 0, containing the interior 
of the cross-section. This provides an open cover of the compact set A by flow-boxes near the 
singularities and tubular neighborhoods around regular points. 

We let {t/z,, i7aj : i= I, . . . ,1; k = 1, ... ,5} be a finite cover of A, where 5 > 1 is the number of 
singularities in A, and we set ^3 > to be an upper bound for the time each point z G f/s, takes to 
leave the tubular neighborhood by the action of the flow, for any i= 1, . . . , / . We assume without 
loss of generality that t2> 

To define the Poincare map R, for any point z in one of the cross-sections in 

^ — {^j5^C7t ^'^Ok ' j ~ • • • 5^5^ — 1, • • • 

we consider z — Xt^iz) and wait for the next time t{z) the orbit of z hits again one of the cross- 
sections. Then we define R{z) = ^f2+f(z) (^) ^^^^ '^(^) ~ ^2 + ^ (z) is the Poincare time of z- 
If the point z never returns to one of the cross-sections, then the map R is not defined at z (e.g. at 
the lines in the flow -boxes near a singularity). Moreover by Lemma [2.1 11 if R is defined for 
jc G E on some E e S, then R is defined for every point in W^{x,'L). Hence the domain ofR \ E 
consists of strips ofL. The smoothness of {t,x) ^ Xt{x) ensures that the strips 

(13) E(E') = {JC G E : i?(x) G E'} 

have non-empty interior in E for every E, E' G S.When R maps to an outgoing strip near a singu- 
larity Oyt, there might be a boundary of the strip corresponding to the line £^ of points which fall 
in the stable manifold of Ok- 

Remark 5.1. Consider the Poincare map given by iht first return map Rq-.E^Z defined simply 

as Ro{z) = Xji^^-^ (z), where 

T{z)=ird{t>Q:Xt{z)eZ} 

is the time the X-orbit of z G E takes to arrive again at S. This map Rq is not defined on those 
points z which do not return and, moreover, Rq might not satisfy the lemmas of Section [Z2l since 
we do not know whether the flow from z to Rq{z) has enough time to gain expansion. However 
the stable manifolds are still well defined. By the definitions of Rq and of R we see that R is 
induced by Rq, i.e. ifR is defined for z G S, then there exists an integer r{x) such that 

We note that since the number of cross-sections in Z is finite and the time t2 is a constant, then 
the function r : S — > N is bounded: there exists ro G N such that r{x) < ro for all x eZ. 

5.1.1. Finite number of strips. We show that fixing a cross-section E G S the family of all possi- 
ble strips as in ([T3l) covers E except for finitely many stable leaves W\xi,'L),i= 1 , . . . , m = m(E) . 
Moreover we also show that each strip given by ([T3l) has finitely many connected components. 
Thus the number of strips in each cross-section is finite. 
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We first recall that each E G S is contained in Uq, so jc G E is such that a)(jc) C A. Note that R 
is locally smooth for all points x G int(E) such that R{x) G int(S) by the flow box theorem and 
the smoothness of the flow, where int(S) is the union of the interiors of each cross-section of S. 
Let denote the union of all the leaves forming the stable boundary of every cross-section in 

H 

Lemma 5.2. The set of discontinuities ofR in S \ d'^'E is contained in the set of points ;c G S \ d'^'E 
such that: 

(1) either R{x) is defined and belongs to d^Z; 

(2) or there is some time <t <t2 such thatXt(x) G Wi^^^.(o)for some singularity a of A. 
Moreover this set is contained in a finite number of stable leaves of the cross-sections E G S. 

Proof. We divide the proof into several steps. 

Step 1: Cases (1) and (2) in the statement of the lemma correspond to all possible discon- 
tinuities of i? in E \ 

Let X be a point in Z\d^Z for some E G S, not satisfying any of the conditions in items (1) 
and (2). Then R{x) is defined and R{x) belongs to the interior of some cross-section E'. By the 
smoothness of the flow and by the flow box theorem we have that R is smooth in a neighborhood 
of X in E. Hence any discontinuity point for R must be in one the situations (1) or (2). 

Step 2: Points satisfying item (2) are contained in finitely many stable leaves in each E G S. 

Indeed if we set W =X[_f2,o] ('-'o^/ocl^))' where the union above is taken overall singularities 
a of A, then is a compact sub-manifold of M with boundary, tangent to the center-stable sub- 
bundle . This means that W is transversal to any cross-section of S. 

Hence the intersection of W with any E G S is a one-dimensional sub-manifold of E. Thus the 
number of connected components of the intersection is finite in each E. This means that there are 
finitely many points xi, . . . G E such that 

WnEc W'(jci,E)U---UW'(x^,E). 

Step 3: Points satisfying item (1) are contained in a finite number of stable leaves of each 
EgS. 

We argue by contradiction. Assume that the set of points D of E sent by R into stable boundary 
points of some cross-section of S is such that 

L = {W'{xX)-xeD} 

has infinitely many lines. Note that D in fact equals L by Lemma 12.1 1[ Then there exists an 
accumulation line W^{xq,'L). Since the number of cross-sections in S is finite we may assume 
that W (xo, E) is accumulated by distinct W (x,-, E) with x,- G D satisfying R{xi) G W (z, E') C d'YJ 
for a fixed E' G S, z > 1 . We may assume that tends to xq when i oo, that xq is in the interior 
of W^{xq,'L) and that the Xi are all distinct — in particular the points Xi do not belong to any 
periodic orbit of the flow since we can choose the xi anywhere in the stable set VF'^(x;,E). 

As a preliminary result we show that R{xi) — Xs^{xi) is such that 5, is a bounded sequence in 
the real line. For otherwise Si °° and this means, by definition of R, that the orbit of Xt^{xi) is 
very close to the local stable manifold of some singularity a of A and that R{xi) belongs to the 
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outgoing cross-section near this singularity: R{xi) G E^' . Hence we must have that Xs-{xi) tends 
to the stable manifold of o when i oo and that R{xi) tends to the stable boundary of Eo^. Since 
no point in any cross-section in E is sent by R into this boundary line, we get a contradiction. 

Now the smoothness of the flow and the fact that W^{z,'^') is closed imply that R{xo) E 
W'^{z, E') also since we have the following 

R{xq) = \imR{xi) = \imXs.{xi) = X,o(xo) and lim^,- = ^o- 

i — >oo i — >oo / — >^oo 

Moreover i?(W'(xo,E)) C W'{zX) and R{xo) is in the interior of i?(W^'(xo,E)), then R{xi) G 
R{W'^{xo,'L)) for all / big enough. This means that there exists a sequence j,- G W'^{xo,'L) and a 
sequence of real numbers x,- such that Xi.{yi) = R{yi) = R{xi) for all sufficiently big integers i. 
By construction we have that jc/ 7^ yt and both belong to the same orbit. Since Xi^yi are in the 
same cross-section we get that Xi = ^a, (j;) with |a,| > for all big /. 

However we also have that x,- sq because R(yi) = R{xi) R{xo), yi G W^{xo,'L) and R \ 
W'^{xo,'L) is smooth. Thus l^,- — x, | 0. But |5/ — x, | = |cx, | > ^3 > 0. This is a contradiction. 

This proves that D is contained in finitely many stable leaves. 

Combining the three steps above we conclude the proof of the lemma. □ 

Let r be the finite set of stable leaves of Z provided by Lemma together with d^'Z. Then 
the complement S \ F of this set is formed by finitely many open strips where R is smooth. Each 
of these strips is then a connected component of the sets for E,E' G Z. 

5.1.2. Integrability of the global Poincare return time. We claim that the Poincare time x z^' 
integrable with respect to the Lebesgue area measure on Z. Indeed given z G S, the point z = 
Xt^{z) either is inside a flow-box U^^ of a singularity o^, or not. In the former case, the time 
z takes to reach an outgoing cross-section Y^'^^f" is bounded by the exit time function x^^ of the 
corresponding flow-box, which is integrable, see Section 12. 4[ In the latter case, z takes a time 
of at most 2 ■ ?3 to reach another cross-section, by definition of t-^. Thus the Poincare time on Z 
is bounded by ?2 + 2 ■ ?3 plus a sum of finitely many integrable functions, one for each flow-box 
near a singularity, by finiteness of the number of singularities, of the number of cross-sections in 
Z and of the number of strips at each cross-section. This proves the claim. 

Remark 5.3. Given z G E G S we write x^(z) = x(#^^(z)) -I hx(z) for > 1 and so x = x^ 

Since 

the length £^i?^(V7'*(z,E))j is uniformly contracted and l^{z) +°° when k +00, we get that 
i?^(W^' (z,E)) C E' for some E' G S and 

j(7?^(l¥^(z,E)),a"'E') >5/2 

for all big enough k, by the definition of U and of 5-adapted cross-section. (The distance d{A, B) 
between two sets A, 5 means mf{d{a,b) -.aEA^bEB}.) We may assume that this property holds 
for all stable leaves (z, E), all z G E and every E G S for all k > ko, for some fixed big ko G N, 
by the uniform contraction property of R in the stable direction. 
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5.2. Absolute continuity of foliations. From now on we assume that the flow (Xf)f£R is C^. 

Under this condition it is well known Il40ll28ll that the stable leaf V7^(x,E) for every x G E G S is 
a embedded disk and these leaves define a C^'^^ foliation a G (0, 1), of each E G S, as we 
now explain. 

Recall the setting presented before the statement of Theorem O to explain the disintegration 
along center-unstable manifolds. Let x E A and 5* be a cross-section to the flow at x and be the 
connected component of W^{x) fl S containing x. Assume that x has a unstable leaf W"{x) and 
let Di,D2 be embedded disk in M transverse to W'^x) at jci,jc2, that is Tj,.Di © T^.W^x) = T^.M, 
i — 1,2. Then the strong-unstable leaves through the points of Di which cross D2 define a map h 
between a subset of Di to 1)2: h{yi) =3;2 = V7""(3;i)nZ)2, called the /zo/onomjmapofthe strong- 
unstable foliation between the transverse disks Di.Dj- The holonomy is injective if Di.Dj are 
close enough due to uniqueness of the strong-unstable leaves through /j-a.e. point, see Figure [T2l 



We say that h is absolutely continuous if there is a measurable map 7/, : Di — > [0, +°°\, called 
the Jacobian ofh, such that 



and 7/j is integrable with respect to Lebi on Di, where Leb, denotes the Lebesgue measure 
induced on by the Riemannian metric, i = 1,2. 

The foliation {W'"(jc)} is absolutely continuous (Holder continuous) if every holonomy map 
is absolutely continuous (or is Holder continuous, respectively). 

Since the pioneering work of Anosov and Sinai [31 [5]| it became clear that for transforma- 
tions or flows (in fact it is enough to have transformations or flows which are with a-Holder 
derivative for some < a < 1) the strong-unstable foliation is absolutely continuous and Holder 
continuous. See also [28J and [43J for detailed presentations of these results. When the leaves are 
of codimension one, then the Jacobian of the holonomy map h coincides with the derivative 
h' since h is a map between curves in M. In this case the holonomy map can be seen as a C^^'^ 
transformation between subsets of the real line. A dual statement is also true for the strong-stable 
foliations and corresponding holonomies. 

In the case of the stable foliation for a flow, we have that for any pair of disks Yi , 72 inside 
S transverse to ^{x) fl 5 at distinct points yi^yi, the holonomy H between yi and 72 along the 
leaves W^{z) n S crossing S is also Holder continuous if the flow is C^. 




Figure 12. The holonomy map. 




7/i JLebi for all Borel sets A C Z)i , 
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Indeed note that this holonomy map H can be obtained as a composition of the holonomy 
map h between two disks Di^Dj transverse to the strong-stable leaves which cross S, and the 
"projection along the flow" sending w G X(_5 5)(5) to a point Xt{w) G S uniquely defined, with 
t G ( —6, 6) . The disks are defined simply as D,- = X(_e.e) (y,) for < e < 5 and satisfy D,- fl 5o = Yi , 
/ = 1,2. Since the the holonomy h is Holder continuous and the projection along the flow has the 
same differentiability class of the flow (due to the Tubular Flow Theorem, see e.g. (391), we see 
that the holonomy H is also Holder continuous. 

5.3. Reduction to the quotient leaf space. We choose once and for all a cM-curve 
transversal to in each E G S. Then by the discussion in the previous Section [5^ the pro- 
jection along leaves of 3^1 onto is a C^^*^ map. We set 

/= U int(E(EO)nyz 

and observe that by the properties of E(E') obtained in Section lSTI the set / is diffeomorphic to a 
finite union of non-degenerate open intervals /i ,...,/„ by a diffeomorphism and p-^ \ p^^{I) 
becomes a C^+" submersion. Note that since E is finite we can choose y^ so that pj: has bounded 
derivative: 

there exists Po > 1 such that — < | y| < %for every cu-curve y inside any E G S. 

Po 

In particular, denoting the Lebesgue area measure over S by y? and the Lebesgue length measure 
on / by X, we have ^ X. 

According to Lemma 12.1 1[ Proposition 12.41 and Corollary 12.61 the Poincare map i? : S ^ S 
takes stable leaves of inside stable leaves of the same foliation and is hyperbolic. In addition 
a cM-curve y C E is taken by R into a CM-curve i?(y) in the image cross-section. Hence the map 

f:I^I given by / 9 z ^ p^/ (^7?(W'(z,E) nE(E')) 

for E, E' G S is a C^^" map and for points in the interior of z = 1 , . . . , m 

(14) \Df\ = \D{p^:oRoy^)\>^.o. 

Po 

Thus choosing t\ (and consequently tj) big enough so that o/Po>3/2>lin Proposition 12. 4[ 
we obtain that / is piecewise expanding. Moreover |/'| | is a a-Holder function since for all 
x,y E Ij we have 

l/WI 1/(3^)1- \mm\ -(3/2)2 1^ 3^1' torsome U<a<l. 
Thus /:/—>/ is a C^+" piecewise expanding map. 

Remark 5.4. By Lemma [2. Ill the Poincare time x is constant on stable leaves W^{x,'L) for all 
x G E G S. Thus after Section lS. 1 .2l there exists a return time function X/ on / such that x = X/ o jc, 
where p : S — > ys is the joining of all p-^, E G S and ys = {y^ : E G S}. The integrability of x 



SINGULAR-HYPERBOLIC ATTRACTORS ARE CHAOTIC 



33 



with respect to 'h? (see Section [SJ]) implies the ?i-integrability of X/ naturally since 
and Xjo p = x. 

5.4. Existence and finiteness of acim's. It is well known [|47l[50l[T9l that piecewise expand- 
ing maps / of the interval such that 1/|/'| is of bounded variation, have finitely many absolutely 
continuous invariant probability measures whose basins cover Lebesgue almost all points of /. 

Using an extension of the notion of bounded variation (defined below) it was shown in [20l| 
that the results of existence and finiteness of absolutely continuous ergodic invariant measures 
can be extended to piecewise expanding maps / such that g = 1/|/'| is a-Holder for some 
a G (0, 1). These functions are of universally bounded variation, i.e. 

sup [ E ) <°°, 

a=ao<ai<---<a„=b / 

where the supremum is taken over all finite partition of the interval / = [a,b]. Moreover from 
ll20l Theorem 3.2] the densities cp of the absolutely continuous invariant probability measures for 
/ satisfy the following: there exists constants A, C > such that 

J osc{(p,£,x)dx <C -e^ for all 0<e<A, 

where osc((p, £,x) = ess sup^^^g^^ |cp(y) — (p(z) | and the essential supremo is taken with respect 
to Lebesgue measure. From this we can find a sequence £„ such that osc((p,£„, •) > 

(with respect to Lebesgue measure). This implies that supp((p) contains non-empty open inter- 
vals. 

Indeed, for a given small 5 > let a > be so small and n so big that 

W = {(p>a}andy = {osc((p,£„,-)>a/2} satisfy 1¥) < 5 and X(V) < 6. 

Then X{W n / \ V) > 1 - 25 > 0. Let x be a Lebesgue density point of n / \ V . Then there 
exists a positive Lebesgue measure subset of B{x,£-n) where cp > a. By definition of osc((p,£„,x) 
this implies that for Lebesgue almost every y G £„) we have 9(3;) > a/2 > 0, thus B{x, £„) C 
supp((p). 

In addition from [20, Theorem 3.3] there are finitely many ergodic absolutely continuous 
invariant probability measures Di, . . . of / and every absolutely continuous invariant proba- 
bility measure D decomposes into a convex linear combination \) = Li=i^;'>^;- From [20, The- 
orem 3.2] considering any subinterval 7 C / and the normalized Lebesgue measure = (X | 
J)/'k{J) on 7, then every weak* accumulation point of n^^Y.'^-ZQfii'kj) is an absolutely con- 
tinuous invariant probability measure \) for / (since the indicator function of 7 is of general- 
ized 1/a-bounded variation). Hence the basin of the Di, . . . ,D/ cover / Lebesgue modulo zero: 
l{l\{B{vi)U---UB{Vi))=0. 

Note that from [|20l Lemma 1.4] we also know that the density cp of any absolutely continous 
f -invariant probability measure is bounded from above. In what follows we show how to use 
these properties to build physical measures for the flow. 
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6. Physical measures through suspension 

Here we show, in Section I6.1[ how to construct an invariant measure for a transformation 
from an invariant measure for the quotient map obtained from a partition of the space. We show 
also that if the measure is ergodic on the quotient, then we also obtain ergodicity on the starting 
space. In Section [6^ we apply these results to the global Poincare map 7? of a singular-hyperbolic 
attractor and its corresponding one-dimensional quotient map /. 

In Section |63] we extend the transformation to a semi-flow through a suspension construction 
and show that each invariant and ergodic measure for the transformation corresponds to a unique 
measure for the semi-flow with the same properties. In Section l64l we again apply these results 
to the transformation R to obtain physical measures for the suspension semiflow over 7? with roof 
function x. 

6.1. Reduction to the quotient map. Let S be a compact metric space, F c S and F : (S \ F) ^ 

S be a measurable map. We assume that there exists a partition 3" of S into measurable subsets, 
having F as an element, which is 

• invariant: the image of any ^ G 5" distinct from F is contained in some element r\ of 3"; 

• contracting: the diameter of F"{^) goes to zero when n — > oo, uniformly over all the ^e3^ 
for which is defined. 

We denote p : S ^ 5" the canonical projection, i.e. p assigns to each point x eZ the atom ^ G 5" 
that contains it. By definition, A C 5" is measurable if and only if p^^{A) is a measurable subset 
of S and likewise A is open if, and only if, p^^{A) is open in E. The invariance condition means 
that there is a uniquely defined map 

/:(9^\{F})^^ such that fop = poF. 

Clearly, / is measurable with respect to the measurable structure we introduced in 3". We as- 
sume from now on that the leaves are sufficiently regular so that 2/3" is a metric space with the 
topology induced by p. 

het/jf be any probability measure on 3" invariant under the transformation /. For any bounded 
function : E ^ M, let \|/_ : 9^ ^ M and \|/+ : 9^ ^ M be defined by 

\\f-{b,) = inf\\f{x) and \|/+(^) = sup\|/(x). 

Lemma 6.1. Given any continuous function \\i : S 
(15) lim J {\\foF")^dpf and 

exist, and they coincide. 

Proof. Let \|/ be fixed as in the statement. Given £ > 0, let 5 > be such that \^{x\) — \\f{x2) \ < £ 
for all xi,X2 with d{xi,X2) < 5. Since the partition 5" is assumed to be contractive, there exists 
no > such that diam(F"(^)) < 5 for every ^ G 5" and any n > no. Let n + k > n > nQ. By 
definition, 

(x|/oF"+^)_(^) - (voF")_(/(^)) = inf(x|/ I F"+^(^)) -inf(i|/ | F"(/(^))). 



^ K, both limits 
lim J {\\foF") + diJf 
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Observe that c So the difference on the right hand side is bounded by 

sup {x\f I -inf (x^ I < E. 

Therefore 



<£. 



Moreover, one may replace the second integral by / {\\roF")-d/jf, because is /-invariant. 

At this point we have shown that {J{\\r o F")-diJf}„>i is a Cauchy sequence in M. In par- 
ticular, it converges. The same argument proves that { f{\\foF") + d/jf}^y^ is also convergent. 
Moreover, keeping the previous notations, 

< (VoF") + (^) - (VoF")_(^) = sup I -inf I < £ 

for every n > hq. So the two sequences in (fT5l) must have the same limit. The lemma is proved. 

□ 

Corollary 6.2. There exists a unique probability measure on Z such that 

J \\fdiUF =lim J {\\f o F") - diAf = \im J {\\fo F") + diAf. 

for every continuous function \|r : S ^ R. Besides, /jf is invariant under F. Moreover the 
correspondence jAf ^ j^f is injective. 

Proof. Let denote the value of the two limits. Using the expression for jj{y\f) in terms of 
(\|/oF")_ we immediately get that 

/i(Vi+V2) >MVl)+^'(¥2)• 
Analogously, the expression of in terms of (\|/oF")-|- gives the opposite inequality. So, the 
function //(•) is additive. Moreover, fi{c\\f) = cfj{\\r) for every c G M and every continuous function 
\|/. Therefore, //(■) is a linear real operator in the space of continuous functions \|/ : S ^ M. 

Clearly, //(I) = 1 and the operator // is non-negative: > if \|/ > 0. By the Riesz-Markov 
theorem, there exists a unique measure /jf on E such that = / \\fd/UF for every continuous 
\|/. To conclude that /jf is invariant under F it suffices to note that 



/i(xi/oF) =lim J (vKoF"+i)„J^^=//(\|/) 



for every \\r. 

To prove that the map ^u/ i-^ /j/t is injective, we note that if /jf = /j'f are obtained from /jf and 
/j'^ respectively, then for any continuous function cp : 5" ^ M we have that \|/ = (po;?:S^]Ris 
continuous. But 

IJf{{\\foF")±) =pf{{(popoF'')±) =^^(((po/"o;?)±) =^^((po/«) =^/((p) 
for all n > 1 by the /-invariance of /Uf. Hence by definition 

^/(cp) ^ ^i'fM = l^'f{(?) 

and so Uf = jji'^. This finishes the proof of the corollary. □ 
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Lemma 6.3. Let : S ^ M a continuous function and t,&3^ be such that 



for every > 1. Then lim- V \f{F\x)) = / \^dfiffor every x G ^. 

Proof. Let us fix \|/ and ^ as in the statement. Then by definition of (^|/oF^)± and by the proper- 
ties of 3" we have 

(x|/oF^)_(/^(^)) < (x)/oF^)(F^(x)) < (x|/oF^)+(/i(^)) 
for all X e ^ and 7, > 1 . Given £ > 0, by Corollary 16 .21 there exists G N such that for all k>kQ 

//f(¥)-|<A'/((¥o^')-) <a'/((¥o^')+) <A^f(¥) + | 
and there is ^ N such that for all n> no = no{k) 

£ 



-l^{^^foF'^)^{f{^,))-^f{{^^foF'^).) 



<2- 



Hence we have that for all n> nQ{k) 



M^)-^<-"ti^oF')iFJix)) 



n n + k nfr^Q 

Since n can be made arbitrarily big and £ > can be taken as small as we want, we have con- 
cluded the proof of the lemma. □ 

Corollary 6.4. If jdf is f-ergodic, then is ergodic for F . 

Proof. Since S/J" is a metric space with the topology induced by p we have that C'^(5', M) is 
dense in L^(3', M) for the L^-topology and p : S — > 5" is continuous. Hence there exists a subset 
£ of 3" with idf{Z) = 1 such that the conclusion of Lemma [63] holds for a subset £ = (£) of 
S. To prove the corollary it is enough to show that Mf{E) = 1. 

Let 9 = %£ = %£ op and take : 5" — > M a sequence of continuous functions such that %£ 
when n +00 in the O topology with respect to /jf. Then (p„ = op is a sequence of continuous 
functions on Z such that \\r„ — > \\r when n +0° in the norm with respect to /up- 

Then it is straightforward to check that 

Pfi^n) = lim lUf({\\fnOF'')^ = lim ^//((p^ °/) = A'/l^n) 

which converges to /j/(£) = 1. Since /jf(\\fn) tends to hf{E) when n +00, we conclude that 
= 1, as we wanted. □ 
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6.2. Physical measure for the global Poincare map. Let us now apply these results (with R 
replacing F) to the case of the global Poincare map for a singular-hyperbolic attractor. 

From the previous results in Sections [5] and 16 . 1 1 the finitely many acim's \)i , . . . , D/ for the one- 
dimensional quotient map / uniquely induce 7?-invariant ergodic probability measures T] i , . . . , T]/ 
on E. 

We claim that the basins of each T] i , . . . , T]/ have positive Lebesgue area on Z and cover 
almost every point of p^^{I). Indeed the uniform contraction of the leaves 3^1 \ F provided by 
Lemma [2.1 11 implies that the forward time averages of any pair x,y of points in ^ G 3^\p{J') on 
continuous functions cp : S — M are equal 



lim 



7=0 " j=0 



0. 



Hence 5(ri,) D p ^ , / = 1 , . . . , /. This shows that B{r[i) contains an entire strip except for 

a subset of ^i^-nuU measure, because contains some open interval X modulo zero. Since 
p*{X^) ^ ?i we get in particular 

X2(5(n,))>0 and X^[p-\l)\\jBiy]i))=p.{X^){l\\jBivd)=0, 

i=l i=l 

which shows that Tji, . . . ,ri/ are physical measures whose basins cover p^^{I) Lebesgue almost 
everywhere. We observe that p^^{I) C S is forward invariant under i?, thus it contains AH S. 

6.3. Suspension flow from the Poincare map. Let S be a measurable space, Y be some mea- 
surable subset of S, and F : (S \ F) ^ S be a measurable map. Let x : S ^ (0, +oo] be a measur- 
able function such that infx > and x = +0° on F. 

Let ~ be the equivalence relation on S x [0, -foo) generated by (jc,x(x)) ~ (F(x),0), that is, 
(x, s) ~ (i, s) if and only if there exist 

{x,s) = {xq,sq), (xi,^i), {xn.sn) = {x,s) 

in E X (0, +00) such that, for every I <i <N 

either Xi = F{xi-\) and Si = 5,- 1 — x (x,- 1 ) ; 

or Xi-\=F{xi) and = 5/ — x(x,;). 

We denote by V = S x [0, -\-°°) / ~ the corresponding quotient space and by t: : E — > V the canon- 
ical projection which induces on V a topology and a Borel a-algebra of measurable subsets of 
V. 

Definition 6.5. The suspension ofF with return-time x is the semi-flow {X')t>Q defined on V by 
X\%{x,s)) = 7r(x,5 + ?) for every {x,s) G E x [0,+oo) and t > 0. 
It is easy to see that this is indeed well defined. 
Remark 6.6. If F is injective then we can also define 

{n{x, s))=% {x),s + x(F-" (jc) ) + ■ ■ ■ + x(F- 1 (x) ) - 
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for every x E F"{Z) and <t < s + x{F~"{x)) -\ |-t(F~^(x)). The expression on the right 

does not depend on the choice of n > 1. In particular, the restriction of the semi-flow {Xt)t>o to 
the maximal invariant set 



extends, in this way, to a flow {X*)t€R on A. 

Let /Up be any probability measure on S that is invariant under F. Then the product juf x dt 

of /Up by Lebesgue measure on [0, +oo) is an infinite measure, invariant under the trivial flow 
{x, s) I— > {x,s + t) in S X [0, +oo). In what follows we assume that the return time is integrable 
with respect to /up, i.e. 



In particular /Uf(r) = 0. Then we introduce the probability measure /Jx on V defined by 



for each bounded measurable (p : V ^ M. 

We observe that the correspondence /up i— > /ux defined above is injective. Indeed for any 
bounded measurable \[/ : S — R, defining (p on {x} x [0,x{x)) to equal \\f{x) gives a bounded 
measurable map (p : V ^ M such that /ix((p) = j"f(v)- Hence if fix = Mx ^^^^ Mf =I^f- 

Lemma 6.7. The measure nx is invariant under the semi-flow {X*)t>Q- 

Proof. It is enough to show that nx{{X^)~^ (B) )=Hx (B) for every measurable set 5 C V and any 
< ? < inf X. Moreover, we may suppose that B is of the form B — k{A x 7) for some A C S and 
J a bounded interval in [0, inf(T | A)). This is because these sets form a basis for the a-algebra of 
measurable subsets of V. 

Let B be of this form and (x, s) be any point in S with < s <x{x). Then X'{x, s) E B if and 
only if %{x,s + t) = 7l(Jc,5) for some (jc,s) e A x /. In other words, e {X^)~^{B) if and only 
if there exists some n>0 such that 



Since s <x{x), t < infx, and s > 0, it is impossible to have n>2. So, 

• either x = x and s = s + t (corresponding ton = 0), 

• orx = F{x) and s = s + t — x{x) (corresponding ton= 1) 

The two possibilities are mutually exclusive: for the first one (x, s) must be such that s + t <x{x), 
whereas in the second case s + t > x{x). This shows that we can write {X')~(B) as a disjoint 
union {X'y{B) = Bi UB2, with 




n>0 



(16) 





x = F'^{x) and s = s + t -x{x) 



<F-\x)). 



Bi =Ti{{x,s) :;cGAand5G n [0,x(jc))} 

B2 = 7c{ (jc, s):F{x) eA and se{J + x{x) -t)n [0, x{x 



))}■ 
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Since t>0 and sup / < x{x), we have {J-t)n [0,x{x)) = (/-?) n [0,+oo) for every x e A. So, 
by definition, nx{B\) equals 

£ ((i - n [0, X W )) dtiF {x) = (A) ■ £ ((i - n [0, +00) ) . 

Similarly infy > and t <x{x) imply that 

{J + x{x) -On [0,t(;c)) = x{x) + (7 - f) n (-00, 0). 
Hence fixiBi) is given by 

1^ ^ £ ((/ - n (-00, 0)) diiiF (x) = ) • ^ ((-^ - n (-00, 0)) . 

Since /jf is invariant under F, we may replace iuf{F~^(A)) by iuf{A) in the last expression. It 
follows that 

lux{{XT\B))=^ixiBi)+^ixiB2)=MA)-i{{J-t)). 
Clearly, the last term may be written as //f(A) • £{J) which, by definition, is the same as nx{B). 
This proves that nx is invariant under the semi-flow and ends the proof. □ 

Given a bounded measurable function 9 : V — > R, let 9 : S — > M be defined by 

(17) 9(jc) = / (S?{n{x,t))dt. 

Jo 

Observe that 9 is integrable with respect to /jf and by the definition of /nx 



Lemma 6.8. Let (p : V ^ M be a bounded function, and 9 be as above. We assume that x is 
such that x{Fj (x)) and (p{Fj (x)) are finite for every j > 0, and also 

n-l 



1 ■ f 

(a) lim- ^ x{F-'{x)) = J xd/UF, and 

(h)lim-'Y,^{Fj{x))= UdnF. 
n npQ J 

Then lim — / (p{n{x,s + t))dt = f (pd/ux for every n{x,s) eV. 
T Jo J 

Proof. Let X be fixed, satisfying (a) and (b). Given any T > we define n = n(r) by 

Tn-i <T <Tn where Tj = x{x) + ■ ■ •x(F^'(jc)) for ; > 

Then using (j,x(_y)) ~ (F(_y),0) we get 

\ 1 



(18) 

"T-n 



-/ is?{Ti{x,s+t))dt = - £/ 9(7t(F^(x),r))Jr 
T Jq T PqJo 

rT-T„_i rs 
+ / 9(7r(F"(x),0)<i?- / 9(7r(x,0)J? 
Jo Jo 
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Using the definition of 9, we may rewrite the first term on the right hand side as 

(19) f -E^(^'W)- 

Now we fix e > 0. Assumption (a) and the definition of n imply that, 

n- {^j xdiJF-£j < T„-i <T <Tn< (n + l) ■ {^j xd/up+e 

for every large enough n. Observe also that n goes to infinity as T ^ +°°, since x(F-'(x)) < 00 
for every j. So, for every large T, 

T VI I \ 
n n 

This proves that T /n converges to hf{'^) when T +00. Consequently, assumption (b) implies 
that (fT9l ) converges to 



[ (pdjJF = f ^djjx- 

5-1 J J 



Now we prove that the remaining terms in (fTSi) converge to zero when T goes to infinity. Since 
cp is bounded 



(20) 

1 Jo 

Using the definition of n once more 



M y 

"'\{n{F"{x),t))dt 



< sup |(p| 



T-Tn i<T„-Tn I < (n + l)( J Td/Uf+e) -n{ J Td/up-^) 



whenever n is large enough. Then 



T - r„_i ^ J xdiUF + {2n + l)e ^ 4£ 



T n[^xd^F Jxd^iF-t 

for all large enough T . This proves that {T — Tn-\)/T converges to zero, and then so does (|20|) . 
Finally, it is clear that 

1 r 

— (p{n{x,t))dt ^0 when r +°°. 
T Jo 

This completes the proof of the lemma. □ 
Corollary 6.9. Ifi^F is ergodic then jjx is ergodic. 

Proof. Let cp : V — > M be any bounded measurable function, and cp be as in (fTTI) . As already noted, 
9 is /j/r-integrable. It follows that ^{F^{x)) < °° for every j > 0, at /j/^-almost every point x EE. 
Moreover, by the Ergodic Theorem, condition (b) in Lemma 16.81 holds /j^-almost everywhere. 
For the same reasons, x{Fj{x)) is finite for all j > 0, and condition (a) in the lemma is satisfied, 
for ;U/?-almost all x G S. 
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This shows that Lemma [O] applies to every point ;c in a subset A C E with }if{A) = 1. It 
follows that 

lim ^ / (p{X'{z))dt= [ (pdiAx 
r^+oo I Jo J 

for every point z in 5 = Ti{A x [0, Since the latter has fJxiB) = 1, we have shown that the 

Birkhoff average of cp is constant /^x-almost everywhere. Then the same is true for any integrable 
function, as bounded functions are dense in L^{/Jx). Thus fjx is ergodic and the corollary is 
proved. □ 

6.4. Physical measures for the suspension. Using the results from Sections [Q] and [63] it is 
straightforward to obtain ergodic probability measures Vi, . . . ,V/ invariant under the suspension 
(X^)/>0 of R with return time x, corresponding to the i? -physical probability measures Tji, . . . ,ri/ 
respectively. 

Now we use Lemma [6^ to show that each V/ is a physical measure for {X')t>o, i = 1, . . . , /. 
Letx G En5(v/) for a fixed Z EE and i E {1, . . . ,/}. According to Remark |54l the return time X/ 
on / is Lebesgue integrable, thus \), -integrable also since ^ is bounded. Hence x is T], -integrable 
by the construction of T]/ from \), (see Section [6T| ). 

Lemma |6^ together with the fact that T], is physical for R, ensures that 5(v/) contains the 
positive X' orbit of almost every point (x, 0),x E 5(v/) , with respect to on B{r\i) . If we denote 
by "X? = TT* ex} X dt) a natural volume measure on V, then we get (5(v/)) > 0. 

This also shows that the basins 5 (Vi), . . . ,5(v/) cover X^- almost every point inVb = ^(p H^) ^ 
[0, +°°)) . Notice that this subset is a neighborhood of the suspension tt ((A fl S \ F) x [0, +°°)) 

of Ans\r. 



7. Physical measure eor the elow 

Here we extend the previous conclusions of Section [6] to the original flow, completing the 
proof of Theorem IHl 

We relate the suspension {X')t>Q of R with return time x to {Xt)t>o in U as follows. We define 

4> : S X [0, +oo) ^ t/ by {x,t)^Xt{x) 
and since ^(x,t{x)) = [R{x),0) eEx {0}, this map naturally defines a quotient map 
(21) (^:V^U such that (^oX'=XtO(^, for aU t>0, 

through the identification ~ from Section [63] 

Let St; = { (x, f) e (S \ r) X [0, -foo) : < ? < x(x) } . Note that St; is a open set in V and that % \ 
St; : St; Sx is a homeomorphism (the identity). Then the map (|) | S^ is a local diffeomorphism 
into Vo = (|)(S X [0, C U hy the natural identification given by n and by the Tubular Flow 
Theorem, since points in S^ are not sent into singularities of X. Notice that S^ is a full Lebesgue 
(k?) measure subset of V. Thus (|) is a semiconjugation modulo zero. Note also that the number 
of pre-images of (|) is globally bounded by ro from Remark [STTl 

Therefore the measures v, constructed for the semiflow X' in Section \6A\ define physical mea- 
sures fii = (|)*(v,), i = 1,...,/, whose basins cover a full Lebesgue (m) measure subset of Vq, 
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which is a neighborhood of A. Indeed the semiconjugacy (|2TI) ensures that (|)(5(V;)) C and 
since (|) is a local diffeomorphisms on a full Lebesgue measure subset, then 

m(^4)(5(vi)U---U5(V/))) =0. 

Since Vq CU we have 

W\A) = DMVo). 

t<0 

Moreover X/ is a diffeomorphism for all ? G M, thus preserves subsets of zero m measure. Hence 
Ur<oXf(5(/Ji) U ■ • • U5(/j/)) has full Lebesgue measure in W^{A). In other words, Lebesgue (m) 
almost every point x in the basin W^{A) of A is such that Xt{x) E B{ijj) for some t > and 
i=l,...,l. 

7.1. Uniqueness of the physical measure. The set A is an attractor thus according to our Defi- 
nition [TTT] there exists zo E A such that {Xt{zo) : f > 0} is a dense regular orbit in A. 

We prove uniqueness of the physical measure by contradiction, assuming that the number / 
of distinct physical measures is bigger than one. Then we can take distinct physical measures 
T] 1 , ri2 for 7? on S associated to distinct physical measures /Ji , for X | A. Then there are open 
sets Ui^UjCE such that 

[/i n t/2 = and {B{^i) \ U,) =0, / = 1 , 2. 

For a very small ^ > we consider the open subsets Vt = X(_^ ^(t/,), i = 1,2 of [/ such that 
Vi = 0- According to the construction of /j,- we have ^i{B{iUi) \ Vi) = 0, / = 1, 2. 

The transitivity assumption ensures that there are positive times Ti < T2 (exchanging Vi and V2 
if needed) such that Xj;. (zo) G V,-, z = 1 , 2. Since Vi , V2 are open sets and g = Xt2-Ti is a diffeomor- 
phism, there exists a small open set Wi C Vi such that g \ Wi : Wi ^ V2 is a diffeomorphism 
into its image W2 = g{Wi) C V2. 

Now the smoothness of ^ | Wi ensures that a full Lebesgue (m) measure subset of Wi is sent 
into a full Lebesgue measure subset of W2. By the definition of g and the choice of Vi , V2, there 
exists a point in 5(/ji) fl Wi whose positive orbit contains a point in B{^2) H W2, thus ^1 = ^2- 
Hence singular-hyperbolic attractors have a unique physical probability measure /u. 

7.2. HyperboUcity of the physical measure. For the hyperbolicity of the measure /j we note 
that 

• the sub-bundle is one-dimensional and uniformly contracting, thus on the £''^ -direction 
the Lyapunov exponent is negative for every point in U ; 

• the sub-bundle E™ is two-dimensional, dominates E\ contains the flow direction and 
is volume expanding, thus by Oseledets Theorem [|28l |48il the sum of the Lyapunov ex- 
ponents on the direction of E"' is given by /J; (log | detDXi \ E"'\) > 0. Hence there is a 
positive Lyapunov exponent for /j,-almost every point on the direction of z = 1 , . . . , /. 

We will show that the expanding direction in E'-'" does not coincide with the flow direction 
E^ = {s ■X{z) : 5 G M}, z G A. Indeed, the invariant direction given by E^ cannot have positive 
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Lyapunov exponent, since for all ? > and z G t/ 
(22) ^\og\\DX,{z)-X{z)\\ = j\og 

where ||X||o = sup{||X(z)|| : z G i7} is a constant. Analogously this direction cannot have positive 
exponent for negative values of time, thus the Lyapunov exponent along the flow direction must 
be zero at regular points. 

This shows that at /j-almost every point z the Oseledets splitting of the tangent bundle has the 
form 

where is the one-dimensional measurable sub-bundle of vectors with positive Lyapunov expo- 
nent. The proof of Theorem |B] is complete. 

8. Absolutely continuous disintegration oe the physical measure 

Here we prove Theorem O We let /j be a physical ergodic probability measure for a singular- 
hyperbolic attractor A of a C^-flow in an open subset U C M^, obtained through the sequence 
of reductions of the dynamics of the flow Xt to the suspension flow X' of the Poincare map 
R and return time function x, with corresponding X'^-invariant measure v obtained from the R- 
invariant measure r\. In addition r\ is obtained through the ergodic invariant measure X) of the 
one-dimensional map f : I I. This is explained in Sections |4] through |71 We know that n is 
hyperbolic as explained in Section |71 

Let us fix 5o > small. Then by Pesin's non-uniformly hyperbolic theory [| 4T1 [T4l l43l we 
know that there exists a compact subset ^ C A such that ^{A\K) < 5o and there exists 5i > 
for which every z E K admits a strong-unstable manifold Wg"(z) with inner radius 5i. We refer 
to this kind of sets as Pesin's sets. The inner radius of Wg"(z) is defined as the length of the 
shortest smooth curve in this manifold from z to its boundary. Moreover K 3 z^ ^§"(z) is a 

continuous map K ^ "E^ {h,M) (recall the notations in Section lOl) . 

The suspension flow X^ defined on V in Section [63] is conjugated to the X/-flow on an open 
subset of U through a finite-to-1 local homeomorphism (|), defined in Section |71 which takes 
orbits to orbits and preserves time as in (|2TI) . Hence there exists a corresponding set = (|)^^ {K) 
satisfying the same properties of K with respect to X' , where the constants 5o, 5i are changed by 
at most a constant factor due to (|)^ by the compactness of K. In what follows we use the measure 
V = ((|)^^)*/j instead of /j and write K for K' . 

We fix a density point xq E K oiy \K. We may assume that xqET. for some E G S. Otherwise 
if .^0 ^ S, since xq = {x,t) for some x G E, E G S and <t <T{x), then we use {x,0) instead of 
xq in the following arguments, but we still write xq. Clearly the length of the unstable manifold 
through (x,0) is unchanged due to the form of the suspension flow, at least for small values of 6i. 
Since v is given as a product measure on the quotient space V (see Section [6!4l) . we may assume 
without loss of generality that xq is a density point of T| on E fl ^. 

We set V7"(x,E) to be the connected component of V7"(jc) flE that contains x, for x G ^flE, 
where W"{x) is defined in Section [L4l Recall that W"{x) C A. Then V7"(x,E) has inner radius 



<-log||X||o, 
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bigger than some positive value 82 > for jc G ^ fl E, which depends only on 5i and the angle 



Let 3^^{xo, 82) = E) : x e W"{xo,Y.) } and F^{xo, 82) = ^yeJ'{xo,82)y^^ ^ horizontal strip 

in E. Points z G F^{xo,^2) can be specified using coordinates {x,y) G W^"(xo,E) x M, where x is 
given by W"{xo, E) fl W^{z: E) and y is the length of the shortest smooth curve connecting jc to z 
in W^{zj E) . Let us consider 



where we say that a curve y crosses F^{xo, 62) if the trace of y can be written as the graph of a 
map W"(xo,E) — > W^-^(jco,E) using the coordinates outlined above. We stress that 3'"(xo,52) is 
not restricted to leaves through points of K. 

We may assume that F"{xo, 62) = U3^"{xo, 62) satisfies ri(F"(xo, 82)) > up to taking a smaller 
82 > 0, since xq is a density point of T] | ^ fl E. Let f\ be the measure on ^'"(-^o, 82) given by 



Proposition 8.1. The measure r\ \ F"(xo,52) admits a disintegration into conditional measures 
r\y along f\-a.e. y G 3^"{xq, 82) such that r\y <^ Xy, where Xj is the measure (length) induced on y 



This is enough to conclude the proof of TheoremO since both 60 and 82 can be taken arbitrarily 
close to zero, so that all unstable leaves V7"(x,E) through almost every point with respect to r\ 
will support a conditional measure of r\. 

Indeed, to obtain the disintegration of v along the center-unstable leaves that cross any small 
ball around a density point xq of K, we project that neighborhood of xq along the flow in negative 
time on a cross section E. Then we obtain the family {riy}, the disintegration of r\ along the 
unstable leaves y G 3"" on a strip F^ of E, and consider the family {riy x dt} of measures on 
5"" X [0, T] to obtain a disintegration of V, where T > is a fixed time slightly smaller than the 
return time of the points in the strip F\ see Figure [T3l 



between Wg""(jc) and T^L. 



3^"(xo,62) = {W"(z,E) :zgE and W^"(z,E) crosses F'{xo,d2)}, 




for every measurable set A c 3'"(xo, 82) . 





Figure 13. Center-unstable leaves on the suspension flow. 



In fact, r\yXdt<^'kyX dt and Xj x dt is the induced (area) measure on the center-unstable 
leaves by the volume measure on V, and it can be given by restricting the volume form X^ to 
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the surface y x [0, T] which we write X^, for y G 5"". Thus by Proposition lS. H and by the definition 
of V, we have 

and the densities of the conditional measures riy x dt with respect to ?iy are also uniformly 
bounded from above and from below away from zero - we have left out the constant factor 
l//j(x) to simplify the notation. 

Since lu = (|)*v and (|) is a finite-to-1 local diffeomorphism when restricted to St;, then /u also 
has an absolutely continuous disintegration along the center-unstable leaves. The densities on 
unstable leaves y are related by the expression (where niy denotes the area measure on the center- 
unstable leaves induced by the volume form m) 

which implies that the densities along the center-unstable leaves are uniformly bounded from 
above. 

Indeed observe first that the number of pre-images of x under (|) is uniformly bounded by ro 
from Remark 15. 1[ i.e. by the number of cross-sections of Z hit by the orbit of x from time 
to time t2. Moreover the tangent bundle of y x [0, T] is sent by into the bundle E^" by 
construction and recalling that (^(x, t) = Xt{x) then, if ei is a unit tangent vector at jc G y, ei is the 
unit tangent vector at ^{x, 0) G W"{x, E) and e2 is the flow direction at (x, t) we get 

D(^{xj){ei) =DXt{Xt{x)){ei) and D(^{xj){e2) = DXt{Xt{x)) {X{x,0)) =X{Xt{x)). 

Hence D (4) | y x [0, T] ) (x, f ) = DXt \ for (jc, f) G y x [0, T] and so 

\daD{<^\yx[0,T]){x,t)\=J^\x). 

Now the volume expanding property of Xf along the center-unstable sub-bundle, together with 
the fact that the return time function x is not bounded from above near the singularities, show 
that the densities of /jy are uniformly bounded from above throughout A but not from below. In 
fact, this shows that these densities will tend to zero close to the singularities of X in A. 

This finishes the proof of Theorem O except for the proof of Propo sition 18.11 and of supp(/j) = 
A, which we present in what follows. 

8.1. Constructing the disintegration. Here we prove Proposition 18.11 We split the proof into 
several lemmas keeping the notations of the previous sections. 

Let "X?, R: p^^{I) ^ S, 3^"{xo,d2), F"{xo,d2) andr| be as before, whereto G ^flEis a density 
point ofr\\K and ^ is a compact Pesin set. We write {riy} and {Xj} for the disintegrations of 

ri I F"{xo,b2) and alongyG 9^"(xo,52). 

Lemma 8.2. Either r[j < for f\-a.e. y G 3^"{xo, 82), orr[y _L far f\-a.e. y G 5'"(xo, 82). 

Proof. We start by assuming that the first item in the statement does not hold and proceed to show 
that this implies the second item. We write T] for r[{F"{xo, 82))^^ ■ t] | F"(a:o, 82) to simplify the 
notation in this proof. 
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Let US suppose that there exists A c F"(jco,52) such that T|(A) > and Xy(A) = for fj-a.e. 
y e T'ixQ, 62). Let B = Uk>oR^(A). We claim that Ti(5) = L 

Indeed, we have R{B) C B, then B C R^^{B) and is a nested increasing family 

of sets. Since r\ is i?-ergodic we have for any measurable set C C S 

(23) lim -£ri(Cni?-^(5)) =ri(C)-ri(5). 

fi j—i^ 

But r[[Uk>o R^^{B)) = 1 because this union is i?-invariant and r[{B) = r[(^R^^{B)) > by as- 
sumption, for any k>0. Because the sequence is increasing and nested we have T] 1. 
Hence from we get that ri(C) = r\{C) ■r[{B) for all sets C CX. Thus ri(5) = 1 as claimed. 

Therefore 1 = r[{B) = f r\j{B)df\{y) and so r[y{B) = 1 for fj-a.e. ye ^^"(jccSa) since every 
measure involved is a probability measure. 

We now claim that Xy{B) = for //-a.e. y G 3^"{xo,?>2). For if R{A) fiy 7^ for some y G 
3^"{xo,?>2), then An7?^'(y) nF"(jco,52) 7^ and so it is enough to consider only AflF", where 
Fj" = R-\F"{xo, 82)) nF"{xo, 82). But l^{AnF{') < l'^{A) = thus 

= mRoiAnfi')) > mRo{A) nF"(xo,52)) = ^{Ro{A)) 

for fj-a.e. y since Rq is piecewise smooth, hence a regular map. Therefore we get Xy(i?*^(A)) = 
for all ^ > 1 implying that ^^(5) = for fj-a.e. y. 

This shows that rjy is singular with respect to for fj-a.e. y. The proof is finished. □ 

8.1.1. Existence of hyperbolic times for f and consequences to R. Now we show that a posi- 
tive measure subset of 3^"{xo,d2) has absolutely continuous disintegrations, which is enough to 
conclude the proof of Proposition lS.ll by Lemma [8^ except for the bounds on the densities. 

We need the notion of hyperbolic time for the one-dimensional map / [|2]|. We know that this 
map is piecewise C^+" and the boundaries Tq of the intervals /i , . . . , /„ can be taken as a singular 
set for / (where the map is not defined or is not differentiable) which behaves like a power of the 
distance to Tq, as follows. Denoting by d the usual distance on the intervals /, there exist 5 > 
and P > such that 

. ^■J(x,ro)P< |/| <5-J(x,ro)-P; 

. I log \f'{x) I - log 1/(3;) 1 1 < 5 ■ d{x,y) ■ d{x, ro)-P, 
for all x,y G / with d{x,y) < d{x,ro) /2. This is true of / since in Section [531 it was shown that 
/' I Ij either is bounded from above and below away from zero, or else is of the form x^ with 
PG(0,1). 

Given 6 > we define (i§(jc, Fq) = d{x,ro) if d{x,ro) < 5 and 1 otherwise. 
Definition 8.3. Given c, 6 > we say that n> I is a {b, c, 5)-hyperbolic time for a: G / if 

(24) li \r{fi^))r'<e-'-' and H (/^^ (x) , Fq ) > e"^^ 

j=n-k j=n-k 

for all = 0, . . . , n — 1 . 
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Since / has positive Lyapunov exponent \)-almost everywhere, i.e. 

lim - log I (/")'(jc) I > for "U-almost all ;c G /, 

and ^ is bounded from above (where X is the Lebesgue length measure on /), thus | \ogd{x, Tq) \ 
is D-integrable and for any given e > we can find 5 > such that for D-a.e. x E I 

1 "^^ f 
lim - y -\ogd^{f{x),ro) = / -\ogdsix,ro)dv{x) < £. 

This means that / is non-uniformly expanding and has slow recurrence to the singular set. Hence 
we are in the setting of the following result. 

Theorem 8.4 (Existence of a positive frequency of hyperbolic times). Let f : I ^ I be a C^+" 
map, behaving like a power of the distance to a singular set Tq, non-uniformly expanding and 
with slow recurrence to Tq with respect to an absolutely continuous invariant probability measure 
V. Then for Z?, c,5 > small enough there exists = 0(^,c, 6) > such that v-a.e. x E I has 
infinitely many {b,c, 8) -hyperbolic times. Moreover if we write < ni < n2 < ^2 < • ■ ■ for the 
hyperbolic times ofx then their asymptotic frequency satisfies 

#\k>\:nk< N] 
liminf — > for v-a.e. x El. 

Proof. A complete proof can be found in [2 , Section 5] with weaker assumptions corresponding 
to Theorem C in that paper. 

□ 

From now on we fix values of {b, c, 6) so that the conclusions of Theorem 18. 41 are true. 
We now outline the properties of these special times. For detailed proofs see [2, Proposition 
2.8] and dli Proposition 2.6, Corollary 2.7, Proposition 5.2]. 

Proposition 8.5. There are constants ^1,^2 > depending on {b,c,8) and f only such that, 
if n is {b,c,d)-hyperbolic time for x E I, then there are neighborhoods Wk{x) C / of f'^^^{x), 
k= 1 , . . . , n, such that 

(1) f^\ Wk(x) maps Wi^{x) diffeomorphically to the ball of radius Pi around f"{x); 

(2) for every \ <k <n and y,zE Wi^{x) 

d{f'-\y),f'-\z)) < J(r(3;),r(z)); 

i3)fory,zEWn{x) 



2 



nr. 


ny)\ 


\if'\ 


nz)\ 



The conjugacy poR = f o p between the actions of the Poincare map and the one-dimensional 
map on the space of leaves, together with the bounds on the derivative (fT4l) . enables us to extend 
the properties given by Proposition l8.5l to any cw-curve inside B{r[), as follows. 

Let Y : 7 — > S be a cw-curve in S \ F such that y{s) E B{y\) for Lebesgue almost every s E J, J 
a non-empty interval — such a curve exists since the basin B{r\) contains entire strips of some 
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section E G S except for a subset of zero area. Note that we have the following limit in the weak* 
topology 

n— 1 

lim Xy = ri where K = - Y^ ^i(V), 

7=0 

by the choice of y and by an easy application of the Dominated Convergence Theorem. 

Proposition 8.6. There are constants Ko,Ki > depending on {b,c,8) and 7?05Po,Pi,P2 only 
such that, ifx G y and n is big enough and a {b, c, 5) -hyperbolic time for p{x) G /, then there are 
neighborhoods Vk{x) ofR'^^^{x) on R"^^{x){y), k= 1, . . . ,n, such that 

(1) I Vk{x) maps Vk{x) diffeomorphically to the ball of radius Kq around R"{x) on R"{j); 

(2) for every I <k <n and z G 

dj,n-,^,){R"-'{y)X-'{z)) < |3o-.-^*/2-rf^„(,)(i?«(3;),i?"(z)); 

(3) fory,zeVn{x) 

1 



\D{R" 


y)M| 




y){z)\ 



Kl 

(4) the inducing time ofR^ on Vk{x) is constant, i.e. r"^^ \ Vk{x) = const.. 

Here dj denotes the distance along y given by the shortest smooth curve in y joining two given 
points and denotes the normalized Lebesgue length measure induced on y by the area form "X? 
on Z. 

Proof of Proposition \8. 6\ Let xq = p{x) and Wk{xo) be given by Proposition [831 k= \ ,...n. We 
have that p(y) is an interval in / and that | y : y p(y) is a diffeomorphism — we may take y 
with smaller length if needed. 

If n is big enough, then W„(xo) C p(y). Moreover the conjugacy implies that the following 
maps are all diffeomorphisms 

Vk{x) R'iVkix)) 

pi Ip 

Wkixo) 5(/(xo),Ko) 

and the diagram commutes, where Vk{x) = [p \ R^{y)) ^{Wk{xo)), k = l,...,n, see Figure [T4l 
Using the bounds (fT4l) to compare derivatives we get Kq = |3i/(3o and Ki = Po • ^i- 



y 



R(Y) 



V 



Figure 14. Hyperbolic times and projections. 
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To get item (4) we just note that by definition of (Z?,c, 6) -hyperbolic time none of the sets 
Wk{xo) may intersect Tq. According to the definition of To, this means that orbits through x,y E 
Vk{x) cannot cut different cross-sections in E before the next return in time x{x) , x{y) respectively. 
Hence every orbit through Wk{xo) cuts the same cross-sections in its way to the next return cross- 
section. In particular the number of cross-section cuts is the same, i.e. r | Vk{x) is constant, k = 
1, . . . ,n. Hence by definition of we obtain the statement of item (4) since R{Vk{x)) = V^-i(x) 
by definition. This completes the proof of the proposition. □ 

8.1.2. Approximating r\ by push forwards of Lebesgue measure at hyperbolic times. We define 
for n > 1 

//„ = {x G Y : n is a {b,c/2, 5)-hyperbolic time for p{x)}. 



As a consequence of items (1-2) of Proposition [821 we have that //„ is an open subset of y and 
for any x G yCiHn we can find a connected component y" of R"{y) n5(7?"(x), Kq) containing x 
such that R" \ Vn(x) : Vn{x) ^ y" is a diffeomorphism. In addition y" is a CM-curve according to 
Corollary 12. 6[ and by item (3) of Proposition 18 .61 we deduce that 

n^, 1 ^ d{RUXy)\B{R-{x),Ko)) 

(25) —<— ^<Ki, Ayn-a.e. ony, 

Kj Cl/ly" 

where Xjn is the Lebesgue induced measure on y" for any n> 1, if we normalize both measures 
so that ((i?")*(?iY) \ B{R" {x),Ko)){y") = ?iY«(y"), i.e. their masses ony" are the same. 

Moreover the set i?"(yn//„) has an at most countable number of connected components which 
are diffeomorphic to open intervals. Each of these components is a cw-curve with diameter bigger 
than Ko and hence we can find a pairwise disjoint family y" of KQ-neighborhoods around R"{xi) 
in R"{j),for some xi G with maximum cardinality, such that 

(26) A„ = yyf c7?"(yn//„) and {{Ryi(Li)\ K){K)> ^ MHn). 

i 

Indeed since R"{yr]Hn) is one-dimensional, for each connected component the family A„ may 
miss a set of points of length at most equal to the length of one y", for otherwise we would 
manage to include an extra Kq -neighborhood in A„. Hence we have in the worst case (assuming 
that there is only one set y" for each connected component) 

lyn [R" {yn Hn) \ An) < V {\Jyi)= h" i^n) SO that lyn (An) > ^ • lyn {R" (yn Hn)) 

i 

and the constant Ki comes from (l25l) . 

For a fixed small p > we consider A„^p given by the balls y" with the same center Xn.i but a 
reduced radius of Kq — p. Then the same bound in (|26|) still holds with 2ki replaced by 3ki. 

We write Dn for the family of disks from Uj>iAj with the same expanding iterate (the disks 
with the same centers as the ones from D„ p but with their original size). 

We define the following sequences of measures 

(Op = - ^ Riily) I A;,p and = Xy- (Op, n>\. 
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Then any weak* limit point fj = limytOOp* for some subsequence ni < «2 < • • • and r\ = lim^t^'* 
(where may be taken as a subsequence of nt), are i?-invariant measures which satisfy r\ = 
f[+f[. 

We claim that fj ^ 0, thus T] = fj as a consequence of the ergodicity of Tj. In fact, we can 
bound the mass of cOp from below using the density of hyperbolic times from Theorem 18.41 and 
the bound from (l26l) through the following Fubini-Toneli-type argument. Write #n{J) =#J/n for 
any 7 C {0, . . . ,n — 1}, the uniform discrete measure on the first n integers. Also set Xi{x) = 1 if 
X G Hi and zero otherwise, / = 0, . . . , n — 1 . Then 

for every n big enough by the choice of y. 

8.1.3. Approximating unstable curves by images of curves at hyperbolic times. We now observe 
that since ri(F"(xo, 82)) > and.x:o is a density point of r\ \ F"{xo, 82), then (jOp(F"(jco, 82)) > c for 
some constant c > for all big enough n. If we assume that 82 < p, which poses no restriction, 
then we see that the cw-curves from D^^p intersecting F"{xo,d2) will cross this horizontal strip 
when we restore their original size. Thus the leaves U'j^qDj in the support of (Oq which intersect 
F"{xo, 82) cross this strip. Given any sequence y"* of leaves in crossing i^"(xo, 82) with ni < 
n2 < n^ < . . ., then there exists a -limit leaf y^ also crossing F'''{xo, 82), by the Ascoli-Arzela 
Theorem. We claim that this leaf coincides with the unstable manifold of its points, i.e. y^ = 
W"{x, E) for all x E y°°. This shows that the accumulation curves y°° are defined independently of 
the chosen sequence y"*^ of curves in E. 

To prove the claim let us fix /> and take a big k so that n^ ^ /. We note that for any distinct 
x,y E y°° there are xi^,yk E y"* such that {xk.yk) i^^y) when k ^ 00, Then for x^^yi^ there exists 
a neighborhood Vn^ of a point y such that y"* = i?"* (Kj • 

We take j = n^ — l. We can now write for some Wk.Zk^ Kj. 

d{xk,yk) = >^-j(7?''*-'(w,),i?"^-^(z,)). 
^ ^ Po 

Note that each pair belongs to a section Eyt E E and thati?'(i?"*"'(wA:)) =Xk 

and R' [R"''^' (zk)) =yk- Letting ^ ^ 00 we obtain limit points [R"i<~'-{wk),R"''~\zk)) iwhZi) in 
some section E e S (recall that S is a finite family of compact adapted cross-sections) satisfying 

R\wi)=x, R\zi)=y and d{wi,zi) <^Qe-^''^ ■ d{x,y). 

Since this is true for any Z > we conclude that y is in the unstable manifold of x with respect to 
R, i.e. y E W^{x), thus y E VK"(a:,E) by the following lemma. This proves the claim. 

Lemma 8.7. In the same setting as above, we have Wj^{x) C VF"(x, E). 
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Notice that since both sets Wj^{x) and W"{x, E) are one-dimensional manifolds embedded in a 
neighborhood of x in E, then they coincide in a (perhaps smaller) neighborhood of x. 

Proof. Let yo G W"{x,'L). Then there exists £ so that zo = ^e(yo) ^ W""{x), with |£| small by 
Remark |23] and tending to when we take yo x. Let > be such that Z_;,(x) = w/ G E for 
Z > 1 . Then we have 

(27) dist(X_,,(zo),X_,,(x)) .0 

/ — >oo 

and so there exists £/ such that Xe,_f,(zo) = zi = ^£,+e-?/(yo) ^ ^ with |£/| small. Notice that (l27l) 
ensures that |£/| -^0 also. 

Hence there exists 5 = 5(£,£/) satisfying 5^0 when (£ + £/) and also d{zhWi) < 5 for 
all / > 1. Since R\zi) = yo we conclude that yo G W^{x), finishing the proof. □ 

8.1.4. Upper and lower bounds for densities through approximation. We define 5"^ to be the 
family of all leaves 7^ obtained as accumulation points of leaves in 

= G UpiD, : ^ crosses F\xQ,h2)}. 

We note that c 3'"(;co,62). Since for all n we have a)|] > cOp and so a)Q(U5'") > c, we get 
that ri ( U Jl,) > c. By definition of 3"" and by (125]) we see that oOq | disintegrates along the 
partition J" of F," = US^J,' into measures co^ having density with respect to uniformly bounded 
from above and below, for almost every ^ G 3"". 

To take advantage of this in order to prove Proposition 18 . 1 1 we consider a sequence of increas- 
ing partitions {Vk)k>\ of W'^{xq,'L) whose diameter tends to zero. This defines a sequence 
of partitions of 5" = Uo<;3<oo3^^ as follows: we fix ^ > 1 and say that two elements ^ G 3^",^' G 
3^", < h J < °° are in the same atom of T^t when both intersect W^{x, E) in the same atom of 
and either /, j >kor i = j < k. 

If q is the projection q:J-^ W^{xq, E) given by the transversal intersection ^ fl W^{xq, E) for 
all ^ G 3", then 3^ can be identified with a subset of the real line. Thus we may assume without 
loss that the union d'^k of the boundaries of CP^t satisfies ri(3Tyt) = '^i^'^k) = for all > 1, by 
suitably choosing the sequence V^. 

Upper and lower bounds for densities. Given ^ G 5^ we write p : F"(a:o,52) C the projection 
along stable leaves and CO for cOq. Writing TkiQ for the atom of 7^ which contains ^, then since 
!P^(Q is a union of leaves, for any given Borel set 5 C ^ and n> 1 

(28) co"(y,(On;?-i(5)) = I fol{n{Qrip-\B))d&\^,) 

through disintegration, where of is the measure on 3^ induced by (O". Moreover by (|25] ) and 
because each curve in 3" crosses F"{xo, 82) 

(29) ^•^^(5)<--^^(p-i(5)) <a)?(T,(0np-i(5))<Ki-X^(;?-i(5)) <KiK2-^^(5) 
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for all n,k>l and d)"-a.e. ^ G IJ, where K2 > is a constant such that 

• < < K2 ■ for all ^ G 5^, 

which exists since the angle between the stable leaves in any E G S and any cw-curve is bounded 
from below, see Figure [T5l 



^^(^0,82) 



Figure 15. Leaves crossing F^'{xo,d2) and the projection p. 

Finally letting ^ G and choosing B such that r\ (dp^^{B)) = (which poses no restriction), 
assuming that Tj (d{Tk{Q n p^^B))^ = we get from ([28]) and ^ for alU > 1 

(30) -L.x i^B). r\{UQ)<^ iUQ np-HB))< K1K2 ■ \{B) ■ f\ {?k{Q) 

K1K2 

by the weak* convergence of (o" to r\. Thus to conclude the proof we are left to check that 
T] (d['?k{Q n p^^{B))) = 0. For this we observe that H p^ [B) can be written as the product 
q{'?k{Q) X B. Hence the boundary is equal to 

{dq{%{Q)xB) U {q{%{Q)xdB) C q-' [dqi^kiQ))^ p-\B) 

and the right hand side has Tj-zero measure by construction. 

This completes the proof of Proposition IS . 1 1 since we have {^} = nkyi^^kiQ for all ^ G 5^ and, 
by the Theorem of Radon-Nikodym, the bounds in (|30l ) imply that the disintegration of T] | U?"^ 
along the curves ^ G is absolutely continuous with respect to Lebesgue measure along these 
curves and with uniformly bounded densities from above and from below. 

8.2. The support covers the whole attractor. Finally to conclude that supp(;u) = A it is enough 
to show that supp(/j) contains some cM-curve y : (a, Z?) — > E in some subsection E G S. Indeed, see 
Figure [m letting jcq G AflE be a point of a forward dense regular X-orbit and fixing c G {a^b) 
and £ > such that a<c — £.<c + Z<b, then for any p > there exists t > satisfying 
dist(Y(c),Xf(xo)) < p. Since {Xt{xQ),lL) rti (y| (c — £,c + £)) = {z} (because y is a cw-curve 
in E and p > can be made arbitrarily small, where rtl means transversal intersection), then, by 
the construction of the adapted cross-section E (see Section [21), this means that z G VF''(X/(xo)) . 
Hence the (O-limit sets of z and xq are equal to A. Thus supp(/j) 3 A because supp(/j) is X- 
invariant and closed, and A 3 supp(/j) because A is an attracting set. 

We now use (|30l) to show that fj-almost every y G 3" is contained in supp(ri), which is contained 
in supp(/j) by the construction of /j from T] in SectionlH In fact, fj-almost every ^ G 3" is a density 
point of fj I 3" and so for any one ^ of these curves we have f\{^k{Q) > for all > 1. Fixing 
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Figure 16. Transitiveness and support of the physical measure. 

z eC, and choosing £ > we may find k> I big enough and a small enough open neighborhood 
5 of z in ^ such that 

T,(0np-i(5)c5(z,£)nE and r[{?k{Q n p-\B)) > 0, 

by the left hand side inequality in (l30l) . Since £ > and zeC, where arbitrarily chosen, this shows 
that C, E supp(ri) C supp(/j) and completes the proof of TheoremO 
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